Lecture Notes in Physics

Founding Editors: W. Beiglbock, J. Ehlers, K. Hepp, H. Weidenmiiller

Editorial Board

R. Beig, Vienna, Austria

W. Beiglbock, Heidelberg, Germany
W. Domcke, Garching, Germany
B.-G. Englert, Singapore

U. Frisch, Nice, France

F. Guinea, Madrid, Spain

P. Hinggi, Augsburg, Germany

W. Hillebrandt, Garching, Germany
R. L. Jaffe, Cambridge, MA, USA
W. Janke, Leipzig, Germany

H. v. Lohneysen, Karlsruhe, Germany
M. Mangano, Geneva, Switzerland
J.-M. Raimond, Paris, France

D. Sornette, Zurich, Switzerland

S. Theisen, Potsdam, Germany

D. Vollhardt, Augsburg, Germany
W. Weise, Garching, Germany

J. Zittartz, Koln, Germany



The Lecture Notes in Physics

The series Lecture Notes in Physics (LNP), founded in 1969, reports new developments
in physics research and teaching — quickly and informally, but with a high quality and
the explicit aim to summarize and communicate current knowledge in an accessible way.
Books published in this series are conceived as bridging material between advanced grad-
uate textbooks and the forefront of research and to serve three purposes:

e to be a compact and modern up-to-date source of reference on a well-defined topic

e to serve as an accessible introduction to the field to postgraduate students and
nonspecialist researchers from related areas

e to be a source of advanced teaching material for specialized seminars, courses and
schools

Both monographs and multi-author volumes will be considered for publication. Edited
volumes should, however, consist of a very limited number of contributions only. Pro-
ceedings will not be considered for LNP.

Volumes published in LNP are disseminated both in print and in electronic formats, the
electronic archive being available at springerlink.com. The series content is indexed, ab-
stracted and referenced by many abstracting and information services, bibliographic net-
works, subscription agencies, library networks, and consortia.

Proposals should be sent to a member of the Editorial Board, or directly to the managing
editor at Springer:

Christian Caron

Springer Heidelberg

Physics Editorial Department I
Tiergartenstrasse 17

69121 Heidelberg / Germany
christian.caron @springer.com



P. Aschieri

M. Dimitrijevié
P. Kulish

F. Lizzi

J. Wess

Noncommutative Spacetimes

Symmetries in Noncommutative Geometry
and Field Theory

@ Springer



Paolo Aschieri

Centro “E. Fermi”, Roma, and

U. Piemonte Orientale, Alessandria and
INFN Sezione di Torino

Marija Dimitrijevic¢

INFN Sezione di Torino

Gruppo Collegato di Alessandria
Via Teresa Michel 11

Gruppo Collegato di Alessandria 15100 Alessandria
Via Teresa Michel 11 Italy

15100 Alessandria and Faculty of Physics
Italy University of Belgrade
aschieri @to.infn.it P.O. Box 368

Petr Kulish é::?t())lll Beograd
Russian Academy of Sciences .

Steklov Institute of Mathematics dmarija@phy.bg.ac.yu
St. Petersburg Fedele Lizzi

Russia 191023
kulish@euclid.pdmi.ras.ru

Universitd di Napoli Federico 11
and INFN, Sezione di Napoli

Julius Wess Via Cintia
Arnold Sommerfeld Centre ?&156 Napoli

for Theoretical Physics

Theresienstr. 37

80333 Miinchen

and II Institut fiir

Theoretische Physik and DESY
Luruper Chaussee 149

22761 Hamburg

Germany

julius.wess @physik.uni-muenchen.de
wess @mail.desy.de

fedele.lizzi@na.infn.it

Aschieri, P. et al., Noncommutative Spacetimes: Symmetries in Noncommutative
Geometry and Field Theory, Lect. Notes Phys. 774 (Springer, Berlin Heidelberg 2009),
DOI 10.1007/978-3-540-89793-4

Lecture Notes in Physics ISSN 0075-8450 e-ISSN 1616-6361
ISBN 978-3-540-89792-7 e-ISBN 978-3-540-89793-4

DOI 10.1007/978-3-540-89793-4

Springer Dordrecht Heidelberg London New York

Library of Congress Control Number: 2009921271

(© Springer-Verlag Berlin Heidelberg 2009

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations are
liable to prosecution under the German Copyright Law.

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws
and regulations and therefore free for general use.

Cover design: Integra Software Services Pvt. Ltd.
Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



Preface

There are many approaches to noncommutative geometry and its use in physics, the
operator algebra and C*-algebra one, the deformation quantization one, the quan-
tum group one, and the matrix algebra/fuzzy geometry one. This volume introduces
and develops the subject by presenting in particular the ideas and methods recently
pursued by Julius Wess and his group.

These methods combine the deformation quantization approach based on the no-
tion of star product and the deformed (quantum) symmetries methods based on the
theory of quantum groups. The merging of these two techniques has proven very
fruitful in order to formulate field theories on noncommutative spaces. The aim of
the book is to give an introduction to these topics and to prepare the reader to enter
the research field himself/herself. This has developed from the constant interest of
Prof. W. Beiglboeck, editor of LNP, in this project, and from the authors experience
in conferences and schools on the subject, especially from their interaction with
students and young researchers.

In fact quite a few chapters in the book were written with a double purpose, on
the one hand as contributions for school or conference proceedings and on the other
hand as chapters for the present book. These are now harmonized and complemented
by a couple of contributions that have been written to provide a wider background,
to widen the scope, and to underline the power of our methods.

The different chapters however remain essentially self-consistent and can be read
independently. Subject to the individual interests of the reader they can be grouped
by topic: noncommutative gauge theory (Chaps. 1, 2, 4, 5), noncommutative gravity
(Chaps. 1, 3, 8), and noncommutative geometry and quantum groups (Chaps. 6, 7,
9). This very structure of the book took definite shape a little more than a year ago,
at the Alessandria conference “Noncommutative Spacetime Geometries” in March
2007, where all the authors met. At the Bayrishzell workshop “On Noncommutativ-
ity and Physics” in May 2007 the order of the chapters was then finalized.

The order of the chapters is “physics first”; the mathematics follows the physical
motivations in order to strengthen the physical intuition and investigations and to
provide a sharpening of the mathematical methods. These is turn are then used for
further physical developments. Accordingly the book is divided into a more physical
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first part and a more mathematical second part, although the division is not sharp,
physical applications being considered in the second part too.

The first chapter is an introduction and an overview. The reader encounters the
notion of star product and is introduced to the differential calculus on noncommu-
tative spaces and to the deformed Lie algebras (twisted Hopf algebras) of gauge
transformations and diffeomorphisms. The second chapter develops in more detail
deformed gauge theories. Pedagogic examples with matter fields are also presented.
The third chapter discusses in the same spirit the deformed algebra of differential op-
erators and hence a deformation of the theory of gravity. Changes to the original text
of Julius Wess mainly appear in the added footnotes and in the added Appendix 1.9.

The fourth chapter is a comparison between two approaches to noncommutative
gauge theory, the twisted gauge theory approach (based on deformed Lie algebras)
and the Seiberg—Witten approach.

Field theories can be studied also on more general noncommutative spaces, not
just on the Moyal-Weyl one characterized by the x* xx¥ —x" xx* = i6*" noncom-
mutative relations among coordinates (with 6#" constant). Chapter 5 describes the
case of k-deformed spacetime.

Part IT of the book opens with a chapter on the basics of noncommutative mani-
folds in the C*-algebraic approach, the guiding example being the quantum mechan-
ical phase space, i.e., the Moyal-Weyl noncommutative space. Quantum groups
(noncommutative manifolds with a group structure) are then studied in Chap. 7.
Their quantum Lie algebras are also studied, quantum Lie algebras being the under-
lying symmetries of field theories on noncommutative spaces. Chapter 8 comple-
ments Chap. 3 and studies noncommutative geometries obtained by deforming com-
mutative geometries via a twist. These geometries have twisted symmetries (twisted
quantum group symmetries). Twisted diffeomorphisms lead to a noncommutative
theory of gravity.

While twisting of spacetime symmetries leads to deformed field theories, twist-
ing of dynamical symmetries leads to new (deformed) quantum integrable systems.
The last chapter deals with this other application of twisted symmetries. In a sense
this chapter closes a circle, we deform field theories by considering noncommutative
spacetimes. These are obtained via a twist procedure. We recognize and exploit the
underlying twisted and quantum group symmetries. These structures first occurred
in 1+ 1-dimensional quantum integrable systems; the twist procedure can be also
applied in this context and leads to new physical systems.

A final chapter has later been added and describes the contributions of Julius
Wess to noncommutative geometry. As can be inferred from his joint works he was
able to enroll many students and collaborators in his research projects. This was due
to his scientific charisma, always downplayed, and to the easiness in relating with
colleagues and younger collaborators, a characteristic aspect of his personality.

Julius Wess was extremely active until his last day, his constant passion for re-
search was so strongly conveyed that concentration and energy for advancing in the
research were multiplied. In his vision the main aims and questions were always in
the foreground, progress was constant, in many little steps, like that patient walking
pace you keep when aiming at the very top. We miss his encouragement, hints, and
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judgments and that very state of searching together that empowered our discovering
abilities. We hope the reader can experience his calm impetus along with the for-
mulae in this book, and thus be more easily brought to the research frontiers of this
field to be further developed.

Paolo Aschieri, Marija Dimitrijevi¢, Petr Kulish and Fedele Lizzi

Alessandria, October 2008
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Chapter 1

Differential Calculus and Gauge
Transformations on a Deformed Space

Julius Wess

Deformed gauge transformations on deformed coordinate spaces are considered for
any Lie algebra. The representation theory of this gauge group forces us to work in
a deformed Lie algebra as well. This deformation rests on a twisted Hopf algebra,
thus we can represent a twisted Hopf algebra on deformed spaces. That leads to the
construction of Lagrangian invariant under a twisted Lie algebra.

1.1 Introduction

Since Newton the concept of space and time has gone through various changes.
All stages, however, had in common the notion of a continuous linear space. Today
we formulate fundamental laws of physics, field theories, gauge field theories, and
the theory of gravity on differentiable manifolds. That a change in the concept of
space for very short distances might be necessary was already anticipated in 1854
by Riemann in his famous inaugural lecture [1]:

Now it seems that the empirical notions on which the metric determinations of Space are
based, the concept of a solid body and a light ray, lose their validity in the infinitely small;
it is therefore quite definitely conceivable that the metric relations of Space in the infinitely
small do not conform to the hypotheses of geometry; and in fact, one ought to assume this
as soon as it permits a simpler way of explaining phenomena. . .

...An answer to these questions can be found only by starting from that conception
of phenomena which has hitherto been approved by experience, for which Newton laid
the foundation, and gradually modifying it under the compulsion of facts which cannot be
explained by it. Investigations like the one just made, which begin from general concepts,
can serve only to ensure that this work is not hindered by too restricted concepts, and that
the progress in comprehending the connection of things is not obstructed by traditional
prejudices.

There are indications today that at very short distances we might have to go
beyond differential manifolds.

Wess, J.: Differential Calculus and Gauge Transformations on a Deformed Space. Lect. Notes Phys. 774, 3-21 (2009)
DOI 10.1007/978-3-540-89793-4_1 (© Springer-Verlag Berlin Heidelberg 2009



4 Julius Wess

In contrast to coordinate space, phase space — the space of coordinates and mo-
menta — has seen a more dramatic change. Forced by quantum mechanics we un-
derstand it as an algebraic entity based on Heisenberg’s commutation relations for
canonical variables

[, p/] = i,
Kx]=0, [p,p/]=0. (1.1)

Space and momenta have become noncommutative, they form an algebra.

This algebraic setting has proved to be extremely successful. We would not un-
derstand fundamental facts of physics, the uncertainty relation, or the existence of
atoms, e.g., without it.

The uncertainty relation, however, brings us in conflict with Einstein’s law of
gravity if we assume continuity in the space variable for arbitrary small distances
[2]. From the uncertainty relation

Ax-Ap) > 26" (1.2)

follows that we need very high energies to measure very short distances. High ener-
gies lead to the formation of black holes with a Schwarzschild radius proportional
to the energy. In turn, this does not allow the measurement of distances smaller than
the Schwarzschild radius.

This is only one of several arguments that we have to expect some changes in
physics for very small distances. Other arguments are based on the singularity prob-
lem in Quantum field theory and the fact that Einstein’s theory of gravity is non-
renormalizable when quantized [2].

Why not try an algebraic concept of spacetime that could guide us to changes
in our present formulation of laws of physics? This is different from the discov-
ery of quantum mechanics. There physics data forced us to introduce the concept
of noncommutativity. Now we take noncommutativity as a guide into an area of
physics where physical data are almost impossible to obtain. We hope that it might
solve some conceptual problems that are still left at very small distances. We also
hope that it could lead to predictions that can be tested in not too far a future by
experiment.

The idea of noncommutative coordinates is almost as old as quantum field the-
ory. Heisenberg proposed it in a letter to Peierls [3] to solve the problem of diver-
gent integrals in relativistic quantum field theory. The idea propagated via Pauli to
Oppenheimer. Finally H. S. Snyder, a student of Oppenheimer, published the first
systematic analysis of a quantum theory built on noncommutative spaces [4]. Pauli
called this work mathematically ingenious but rejected it for reasons of physics [5].

In the meantime the theory of renormalization has found a reasonable answer to
the divergency problem in quantum field theory. We should not forget, however, that
it was the renormalization problem that led to quantum gauge theories and to super-
symmetric theories. Only Einstein’s theory of gravity remained unrenormalizable
when quantized.
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From quantum spaces and quantum groups new mathematical concepts have
emerged by the pioneering work of V. G. Drinfel’d, L. Faddeev, M. Jimbo and
I. Manin [6-9]. This also revived the interest in noncommutativity in physics.

Flato and Sternheimer [10, 11] have developed the machinery of deformation
quantization. There noncommutativity appears in the form of noncommutative prod-
ucts of functions of commutative variables. These products are called star products
(x-products). They deform the commutative algebras of functions based on point-
wise multiplication to noncommutative algebras based on the star product.

Deformation theory has reached a very high and powerful level by the work of
Kontsevich and his formality theorem [12].

These developments make it worthwhile to reexamine the concept of noncom-
mutative coordinates in physics. We first show that the points of view of noncom-
mutative coordinates and of noncommutative x-products are intimately related.

1.2 The algebra

It is the algebraic structure of continuous spaces that we want to deform. To show
this structure we first consider polynomials in commutative variables x', ..., x" with
complex coefficients. To define them we first define the algebra over C, freely gen-
erated by the variables x!, ..., x"

Clx!,... 2. (1.3)

This means that we take all the finite formal products of the N elements x', ... xV
as a basis for a linear space over C. A different ordering in the coordinates gives
rise to an independent element of the basis! Multiplication of the basis elements is
natural. The unit 1 in the algebra is the unique basis element of zero degree. This
then defines the freely generated algebra.!

Next we consider the relations

Ry : [, x¥] = 0. (1.4)
They generate a two-sided ideal (left and right) in C[x!, ..., x"]. The quotient
Clx',... ]

P —
Iz

(1.5)
is the algebra of polynomials in N commuting variables. The definition of the alge-
bra &2, can be extended. First the algebra C[x!,... x"] is extended by including a
parameter / and by considering the algebra of formal power series in & with coeffi-
cients in C[x!,...,x"]. This algebra is denoted by

' In this book we will always consider associative algebras. Therefore, in the sequel the term

algebra will always refer to an associative algebra.
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Clx',....xM[[A]). (1.6)

Then we consider the ideal in C[x',..., x"][[1]] generated by the relations (1.4). The
quotient

= (1.7)

is the sought extension of ZZ,.

Up to now we have used algebraic concepts only. No topological properties have
been mentioned. Our ambition is to go as far as possible in developing a deformed
differential calculus without invoking topological properties. This can be done by
considering formal power series in /.

A natural way is to deform the relation (1 4)2:

A

R [#4£¥] — ihCHY (£) = 0, (1.8)

where C*V(£) € C[&!,...,#V][[h]]. For h = 0 we obtain the usual algebra of com-
muting variables as introduced above.
The relations (1.8) generate a two-sided ideal /: the linear span of elements

(ﬁ...ﬁ)([ﬁ“,i"]fihC“"()?)>()E.‘.)€), (1.9)

where (£...£) stands for an arbitrary product of £ in the freely generated algebra
C[&',...,&V][[1]]. Multiplying an element of I, by an element of C[£!,...,£V][[A]]
from the right or left yields an element of I, again. The quotient

a1 N
= Cl&',....&V][[h) (1.10)
g

is an algebra in the noncommuting coordinates X .
Well-known examples of such algebras are as follows:

1. The deformation with £-independent constant C*V. This is the same algebra in
coordinate space as the Heisenberg algebra in phase space. We will call it the
canonical or for short 8-deformation

[#4,£Y] = ihO" (1.11)

where CHY (%) = 04V = —0YH* € R.
2. The Lie algebra type of deformation. In this case CHV(X) is linear in the
X-variables,
[ 2V] = ihfh %P, (1.12)

2 In order to stress that these resulting variables are no longer commutative, we denote them with
a hat.
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The Lie algebra structure constants are / f[f ¥ and (as always in this book) sum
over repeated indices is understood. The algebra 7, that we are constructing is
the universal enveloping algebra of the Lie algebra (1.12).

A particularly interesting example of the Lie algebra type is

[, 8] = i(a"5¥ — a¥5H), (1.13)

with real parameters a*. In a basis where @’ = 0 for i # N and @ = 1/x we can
identify this algebra with the algebra of the x-deformations [13, 14] (historically
for these deformations the parameter x rather than 4 is used).

The “size” of the algebra oty will depend on the ideal /. It can range from C
to the freely generated algebra itself.> We certainly would like an infinite algebra, if
possible of the “size” of the algebra <7, of commuting variables. To be more precise,
the vector space of the algebra .27, can be decomposed into subspaces V, spanned by
monomials of a given degree r. These vector spaces are finite dimensional. A basis
of V, is given by the monomials x! x2 ... x with iy < iy < ...i,. Consider the vector
space F, = GBS o Vs spanned by all monomials up to degree r. Then we require the
vector space F. in ; of all polynomials up to degree r in the noncommutative
variables to have the same dimension as F,.. We also require the ordered monomials
up to degree r

gl g h<ih<..ig, 0<s<r (1.14)

to be a basis of £.. We could also consider a different ordering. More in general we
require monomials up to degree r, and ordered with respect to any given ordering,
to form a basis of F;. Thus any monomial of degree r can be rewritten as an ordered
polynomial of degree up to r.

When an algebra o, satisfies these conditions we say that it has the Poincaré—
Birkhoff-Witt (PBW) property. The 6-deformation and the enveloping Lie algebras
have this property (this is the PBW theorem).

The art of the game now is to find relations (1.8) that imply the PBW property.
This restricts the £ dependence of C*V (). It is natural to consider C*V (%) at most
quadratic in £ and antisymmetric in t and v (otherwise we introduce the relations
Cij(%) +Cji(¥) = 0in C[#!,...,#][[]], these may lead to dimF> < dimF).

To be consistent with the reality property (x*)* = x* we demand a conjugation
for X as well

B =gt (@) =@V)@Y, () =i (1.15)

This implies
(CHY)* = —CVM = C1v. (1.16)

3 In the remaining part of this page and in the following one we omit the formal parameter /. To
reinsert it just consider <% as algebra over C[[/]], formal power series in & with coefficients in C
(see also end of Appendix 1.9).
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1.3 The star product

In an algebra % with the PBW property, the set of all monomials ordered with
respect to a given fixed ordering forms a basis. The symmetric ordering gives fully
symmetrized monomials, it is a natural choice but not the only one. The linear span
of the basis elements of degree r defines the vector space V,. By construction this
space has the same dimension as the vector space V, of polynomials of degree r in
N commuting variables.

In this section we extend the vector space isomorphism

A

v, ~V, (1.17)

to an algebra isomorphism
iy~ S, (1.18)

as vector spaces <% and o7 coincide. The *-product (or Moyal product) in .27
is defined so that the algebras .o; and <7 are isomorphic. By the vector space
isomorphism we map polynomials

p(x) «— p(%), (1.19)

by a map of the basis. Two polynomials p;(£) and p,(£) can be multiplied
P1(%) - p2(%) = p1p2(%). (1.20)
By the isomorphism of (1.19) we map this polynomial back to a polynomial in .7
P1p2(%£) = pi1(x) * p2(x). (1.21)

This defines the star product of two polynomial functions. It is bilinear and associa-
tive but noncommutative.

For the 6-deformation in the symmetric basis we obtain [16, 17], see Appendix
1.9 for details,

P1() % pa(x) = (7% py (1) () ) (1.22)

where ( is the multiplication map

p(f(x)@g(x) = f(x) - g(x). (1.23)

This x-product is the well-known Moyal product. It can be extended to C* func-

tions, remaining bilinear and associative. The power series in & will not converge

for arbitrary C* functions, we in general consider it as a formal power series.
When we expand in & we obtain

fx)xg(x) = f(x)g(x) + O(h)
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and

Fx)*g(x) — g(x)*f(x) (1.24)
— %epc ((Bpf(x))(t?og(X)) — (8pg(x))(a(,f(x))) o).

Equation (1.24) defines the Poisson structure

11,81 = 26°°((31)(268) ~ (&) (20)). (125)

Kontsevich has shown that for any Poisson structure on a differentiable manifold
M there exists a x-product deformation* of the algebra C**(M)|[h]] of formal power
series in /1 of smooth functions C* (M) from M to C. The Poisson structure is defined
as in (1.24) and (1.25).

Knowing this, it seems natural to investigate noncommutative spaces in the
*-product framework.

Our aim now is to formulate laws of physics on an algebra of functions whose
product is not the pointwise product but a noncommutative star product. We call this
algebra 7.

One important step in this direction is the development of a differential calculus
on this deformed algebra of functions <7*. This we will do next. But let me for
the convenience of the reader summarize the notation first. This notation will be
systematically used in the first part of the book.

Notation

e U(f®g)= f-g- pointwise multiplication.
o U, (f®g)= f*g— star multiplication. In the canonical (6-deformed) case

wF@g) = frg = (et R )

_ g)(i;z)n;!gpm 079 (3p,..9p,1) (9, - 90,8) .

&, — algebra of polynomials in N commuting variables xp,...,xy.
P - algebra of polynomials in N noncommuting variables %1, ..., Xy.

e o/, — algebra of formal power series in & of polynomials in N commuting vari-
ables x1,...,xy. Depending from the context, also a completion of it, like for

example the algebra of formal power series in 4 of smooth functions from R to
C.

4 A s-product x : C*(M)[[h]] x C*(M)][[h]] — C>(M)][h]] is a bidifferential operator (a differential
operator on both of its arguments) that is associative, that satisfies fx1 = 1 x f = f for any f, and
that at zeroth order in / reduces to the usual commutative product of functions.

In order to stress that higher derivatives may appear in a differential operator (and do appear in
*-products) we frequently refer to differential operators as higher order differential operators.
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A

e of; — algebra of formal power series in & of polynomials in N noncommuting
variables X1, ...,Xy or, depending on the context, a completion of it.

e o/ — algebra of formal power series in 4 of polynomials in N commuting vari-

ables xp,...,xy with x-product multiplication. Depending from the context, also

a completion of it.

V. — linear subspace of .<7 spanned by monomials in xj,...,xy of degree r.

V, — linear subspace of A spanned by monomials in Xy, ..., %y of degree r.

Z. — linear space of functions in N commuting variables x1,...,xy.

Pyay — higher order differential operator acting on 7.

97, — higher order differential operator acting on 7.

o Py qy — algebra of higher order differential operators %y 4.

o *@f Pl algebra of higher order differential operators @{* 4}

1.4 A deformed differential calculus

Let us first define a derivative as a map of C* functions to C* functions

Ou o — oy
f(x) = (9uf(x)), (1.26)

where dy, = d/dx*. For polynomials this map can be defined purely algebraically
by stating the rule
Oy : xP— 8f (1.27)

and using linearity and the Leibniz rule

(Qu(p1-p2)) = (9up1) P2+ p1- (up2). (1.28)

We know that this defines the derivative of polynomials. This can be easily extended
to formal power series. We use it to define the derivative on 7" by first mapping an
element of .o/" to <7, differentiate this element in .27, and map it back to <7. Thus,
we define

i A — o (1.29)

X

f(x) e &l = f(x) € o (Iuf(x)) € e (Ipf(x)) € /.

Since the vector space structure of o7, and .27 is the same (we denoted it by .%,)
the partial derivative 8;; defined in (1.29) coincides with d;,. We could simply (as
we frequently do) omit the x in dj;. The notation d;; is to emphasize that the partial
derivative acts on the deformed algebra of functions 7. Indeed the Leibniz rule
with respect to the x-product changes. In general we have

I (fx8) = (9 f) xg+ f*(dug) + f(i*)g. (1.30)
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We have obtained a differential calculus on the deformed algebra of functions
;.
In the case of 0-deformation the x-operation is x-independent and we obtain the

usual Leibniz rule:
I (f*g) = (Inf)*g+fx(Ipg)- (1.31)

For x-dependent x-products, e.g., the k-deformation, this will change. In the remain-
ing sections we consider the x-independent x-product of the 6-deformation.

1.5 A deformed algebra of differential operators

The differential calculus can be extended to the algebra of higher order differential
operators. This algebra includes also functions.
On the commutative algebra .7 a higher order differential operator is defined as

follows 5 5
— P1---Pr
@{d} }g(‘)dr (x) 8xpl A axpr .

(1.32)

These operators form an algebra &/ 7, because we know how to multiply them.
This algebra is noncommutative, the commutation relations between coordinates
and partial derivatives are dyx" —x"dy = J; the commutation relations between
functions and partial derivatives are

ouf = (Ouf)+fou, [fE€ (1.33)

We can also write 8ljx" —x"aﬁ = 5;‘1’ and

If= )+, [fe. (1.34)
For the deformed space of functions we denote the differential operators as
Dy = gz)dfl'“p’(x)a;l 0y (1.35)

They act on a function as (@{*d} * f) = Tpmodf P (x) % (ap*l ...a;rf). From the
Leibniz rule (1.34) and the definition of the x-product for functions we learn how
to multiply these deformed operators and in this way obtain the deformed algebra
of differential operators .o/™* {* 4} acting on elements of the deformed algebra of

functions.’

3 The multiplication of the operators 2* and 2'* is their composition, we denote it by 2* x 2',
(2« 2™) x f) = (2"« (2" * f)). For example, the product of the zeroth-order differential
operators 7* = d and 2" = d’ is the zeroth-order differential operator 7* x 2" = d xd’, indeed
(dxdYxf=dxd xf=(Z*(Z *f)). We see that in this case the composition of operators
corresponds to the x-product of functions. For first-order differential operators 2* = dP 8;; and
9™ =d'°dz we have 7" x P™ = dP % (dpd'®) d5 + (dP xd'®)d}; 95
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There is a formal isomorphism between the algebras &/ 7,4, and & *Qfd}. We
are going to show this for special subalgebras.
There exists a higher order differential operator X7 € &/ *9{* 4} such that®

X;*g:f-g (1.36)

where f is an element of <7 (a zeroth-order differential operator) and on the right-
hand side we have its undeformed action on the function g. To find Xf* we proceed
as follows

= (et
( B99B 9 20p z( l;) r‘eplcl .pr"f(apl...ﬁp,f)®(3ol~~36rg)>

2( ) L gpiar epror(apl...aprf)*@m...ao,g). (1.37)

The operator we are looking for is

Xf = i)(—’;) 07101 0P (apl ...ap,_f)a;1 L0 (1.38)

It is a higher order differential operator acting on .%,.
Because f - g is again an element of .%, we can act with X} on it

h-f-g=(hf)g=Xjp*g=h(f g =h(Xj*g) =X;»(X;xg). (1.39)
It follows that X}‘? represents the algebra o7,
XixXF =X, (1.40)
Let us consider vector fields
& =EH(x)dy. (1.41)
Their product is again in &/ 74,
&n = & (x)(dunP () dp + X (x)n” (x) 0. (1.42)
Through the Lie bracket the vector fields form an algebra
(&) = (&4(0um”) —1*(3u) )9y
= (Exm)Pdp=¢xn. (1.43)

% We should write (X7 +g) = f-gin order to stress that X} acts on the function g. Since we never
consider the product of the differential operators X7 and g, for ease of notation from now on we
drop the parenthesis. '
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The vector field & can be mapped to </* 77,
& Xg = Xé*p o
Xg*f: (Xgp8;)*f:Xgp*8pf: E-f.
From the associativity in the algebra it follows
(X XE) * f =Xy (Xg* f) =Xy x (S f) =nif, (1.44)

and therefore
Xﬁ*Xé*—Xg*X;,‘:ngg. (1.45)

The deformed vector fields under the deformed Lie bracket form the same algebra
as the vector fields under the ordinary Lie bracket.

1.6 Gauge transformations

Ordinary infinitesimal gauge transformations’ are Lie algebra valued
o(x) = o (x)T4,
[T, 1% = if*ere. (1.46)

The action on a field is
Oo W = ioy = ia’(x)Ty. (1.47)
This can be reproduced by a star action on the field (cf. (1.36) and (1.38)):
SV = iXpa(y * Ty =i0t-y, (1.48)
and represents the algebra via the commutator:
[3;755] = 6&55 — 555& = —ié[f)tﬁ]. (1.49)

Gauge transformations of this kind have been introduced in [18-20]. Interesting is
the transformation law of products of fields.

In the undeformed case we start from the transformation properties of the indi-
vidual fields and transform the product as follows:

S (Wx) = (Sa¥)x + y(ux)
= io" ((T”t/f)x + w(T“x))- (1.50)

7 In this book ordinary, usual, or undeformed gauge transformations (gauge theory) refer to gauge
transformations (gauge theory) on commutative spacetime.
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In accordance with (1.48) we translate this to a star action
8o (Wxx) = iXgax {(T W) x x +y*(T%)} . (1.51)

The transformation law (1.51) is compatible with the algebra (1.49).
We now derive the deformed Leibniz rule obeyed by 6. We rewrite (1.51) as

Op(wry)=io" - {(TyY)xx +y*(T%)} . (1.52)

Expanding the right-hand side of (1.52) to first order in 6 we obtain

S, (yxx) = ioc“{T“w~x+w~T“x (1.53)
ih
50T Gp) 0) + o) T(0)) + 0(6°) .

To compare this with the undeformed Leibniz rule (8 w) * x + w (85 x) we rewrite
(1.53) by introducing the star product again and separating the terms that are of the
form 5w = iovy and O x = iay,

On (W) = (ioy)* x +y* (ioy) (1.54)
—%Gpd((ﬁpa“)T“w(&gx) + (Opy) (i) T %) + O(62).

This expression can be extended to all orders in @ by induction.® The result is

8 Let us redo the previous calculation in the second order of the deformation parameter. The proof
by induction can then easily be derived by the same method.

First we expand the x-product on the right-hand side of (1.52) to second order in the deforma-
tion parameter 6°°

Ou(Wxx) = ia“{T“w~x+w~T"x
ih
+5077(T(0pw) - (962) + (%) - T (o)) (1.55)
h2
- §9p1c71 672 (T”(ap] aPz W) ) (aﬁl (952)() + (aPl apz W) : Ta(affl 852)()) + @)(03)} .

In the next step the terms of the form &5y, &5, and similar are collected and the x-product is
reintroduced:

Sg (wryx) = i(a“T y)* x +iy*(a“Ty)
+1(=50°7) (1@ Tv o)+ v * (0o 7))

1L iy
tiz; (=5 ) 0717107 ([(3p,9p, 0 ) T* W] (96, 7)

(9 9ps W) *[(9 Do, ) T]) + 6(6%). (1.56)
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S (wrx) = i(a*T W) * x +iy*(a'Ty)
T~ in\"
+iY <—2> OPIO1 . 0P ((J) ... )Y x (Do, ... Do X)
n=1

n!
+(p; - Op W) * (3, - D, ) % }- (1.57)

The transformation law of the product of fields follows from the transformation
law of the tensor product of fields. This is nicely expressed using the notion of
coproduct, a main ingredient in the definition of a Hopf algebra [15]. Hopf algebras
will be introduced and discussed in more detail in Chaps. 7 and 8. For undeformed
gauge transformations we can write (1.50) in the Hopf algebra language

Su(y@x) =iA(a)y@y. (1.58)
The coproduct A () represents the Lie algebra in the tensor product representation

Ala)=o®1+1®a, (1.59)
[A(a),A(B)] = A([a, B]). (1.60)

The transformation law of the pointwise product can be defined with the multi-
plication p:
o (vx) = u{A(a)y® x}. (1.61)

The transformation law of the x-product can be defined with the x-multiplication i,
and the twisted coproduct. We define the twisted coproduct’

Az(0)=F(a@1+10a)F ! (1.62)

with "
F = 2977%®0% (1.63)

This twist .% has all the properties that are required to define a Hopf algebra struc-
ture [21, 22]. We can show that

Op(Wry)=w{Az(a)y®x} (1.64)

by a direct calculation performed expanding order by order in 6.'°

Note that the term i(dp®)T*y can be interpreted as the transformation law of the field y with
the gauge parameter dj, ot that is 65,, V- Equation (1.56) gives the deformed Leibniz rule to second

order in the deformation parameter 6P°. Repeating this calculation for higher orders leads to the
deformed Leibniz rule (1.57).

9 The term twisted coproduct emphasizes that Az is a deformation of the undeformed coproduct
(1.60). Az has all the properties of a Hopf algebra coproduct. Similarly in this book by twisted
Hopf algebra we mean a Hopf algebra that is obtained deforming (via a twist .%) another Hopf
algebra, typically the Hopf algebra associated with a Lie algebra.

10 For example, at first order in  we have

1

ih
Az(0)=ZF(a@1+1@a)F =a®1+1®a—%ep"[ap@a(,,a@l+1®a]+ﬁ(62)
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1.7 Diffeomorphism

Infinitesimal diffeomorphisms are vector fields. They are elements of .o/ &,
& =&"(x)0u. (1.65)
Their product in &7 2, is
&n =& (x)(dunP () dp + £ (x)n” (x) 0. (1.66)

Through the Lie bracket we obtain the Lie algebra of diffeomorphism

[&.n] = (£"(@un”) — 1" (3uE)) 9y
= (ExM)Pdp =& xn. (1.67)
The vector field &, an element of .« 2, can be mapped to </* 7

A D — A D
£ X =X50; (1.68)

When it x-acts on a function f € o7, we obtain
Xg*f:(Xgpag)*f:Xgp*apf:@f. (1.69)

This is analogous to (1.38) and we can proceed as there. From associativity in <7 2,
and &7* 77 follows

(X XE)x f = Xy (X /) = X # (€)= T, (1.70)

and therefore

XE*XE—Xg*Xﬁ: ;xg‘ (1.71)
The deformed vector fields under the Lie bracket [X7 ¥ X7] = X;; *Xé* —Xg * X close
the same algebra as the vector fields under the ordinary Lie bracket. They represent
the deformed algebra!! of diffeomorphisms.

Based on this deformed algebra of diffeomorphisms the Einstein theory of grav-
ity on noncommutative (deformed) space has been constructed in [21, 22]. The
coproduct of the diffeomorphisms algebra has to be modified as before for gauge
theories. It is the first theory of gravity defined on a deformed space and is under
investigation now.

and recalling (1.33) we obtain Az (a) =o®1+1®a— 26P9((dp0r) ® I + dp @ (dsr)). This
agrees with (1.54).

T Deformed or noncommutative algebra of diffeomorphisms refers to the algebra of diffeomor-
phisms on the noncommutative space.
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1.8 Conclusion

The formalism developed here opens a way to construct a deformation of differential
geometry and therefore deformed gauge theories and gravity theories. Mathemati-
cally it is certainly an interesting possibility. If physics knows anything about it is
hard to say. Future investigation might shed some light on this question. I am left to
quote Riemann and express my hope that

...this work is not hindered by too restricted concepts and that the progress in comprehend-
ing the connection of things is not obstructed by traditional prejudices.

1.9 Appendix

In this appendix!> we discuss in more detail the application of the Poincaré—
Birkhoff—Witt property and derive explicitly the Moyal product (1.22).
Consider the algebra &, of polynomial functions in N commuting coordinates

x! yeon ,XN . Any function can be expanded in the monomial basis
f(x) = ZCM.../JJ-XHI . ..X’uj
J
:C+Cu.xu+cuvx#xv+... (172)

and is uniquely determined by the coefficients Cy, . ,,; that are completely symmetric
in their indices.

Consider an algebra Py of polynomial functions in N noncommuting coordinates
#!,...,#V and with the PBW property. The PBW property enables the introduction
of a basis of ordered monomials. There are many possible orderings. The most often
used ones are the symmetric and the normal ordering. If we chose the symmetric
ordering (we denote the ordering by ::), the basis in the algebra is given by

1:=1,
B Gl

1
SRRV = 5()2“)?" +£V%H),

(1.73)

An arbitrary element of @x is then written as an expansion in the basis (1.73)
f()?) = Zcﬂln-u; B L A
J

=C+CH)?“+C,W)?“)2V+, (174)

12 This appendix, the footnotes in Chaps. 1-3, and the note at the end of Sect. 3.3 have been added
by Paolo Aschieri and Marija Dimitrijevic.
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and it is fully characterized by the completely symmetric coefficients Cy, . y;.

We call W'3 the isomorphism between the vector spaces &2, and &% obtained
by mapping the basis of &, into the basis of &; selected by the chosen ordering
prescription. Explicitly,

f(x) =C+Cuxt 4+ CuyxHxV +---
% (1.75)
f(£) =CH+Cy:t:+Cpuy 1 KRV 4.

In the case of symmetric ordering, an equivalent expression (see also Sect. 6.3) is
given by
N 1

PO =W() = s [ @k FRe?, (1.76)

(27)
where f(k) is the usual Fourier transform of f(x)

~ 1

) = [ @ e (1.77)

(27)

Indeed f (X) is a sum of fully symmetrized monomials because for any value of k,
and any power n, the expression (kp£°)" is fully symmetrized.
For an arbitrary monomial we have

W) = () [ % (3, .01, 6 () )0

w7 f ik,xP
- (Z)J(—w/ @k M) K) (O, -9, € )
_ (i)Zj(,l)ji Z (XA(’(/JI).__x’\G(ﬂj))
-]' GESJ'

=g R (1.78)
The *-product is defined by
W(fxg)=W(f)-W(g)=/f(2) & (1.79)

Let us derive this x-product in the case of 6-deformed space, defined by relations
(1.11). We start from

1 e

1 5( 1) HiPpE
T / d¥p g(p)ere?

W(f)-W(g) = on

13 The symbol W refers to Weyl since he was the first one to introduce this procedure in quantum
mechanics [16, 17].
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[ 4% F0(p)ete” et

Since the exponents do not commute (coordinates £# do not commute) one has to
use the Campbell-Baker—Hausdorff (CBH) formula

AP = ABABI 1 (4 [AB]+[B,[B.A)+ (1.80)

where A and B are two noncommuting operators. In the case of 6-deformed space
the CBH formula terminates, terms with more than one commutator vanish, and we
obtain

w(f)-w

/def )g(p)e'ktPo®—107kopo (] 81)

/ dVq F(k)g(q— k)ei9o? ~56°kpla—H)o

In the last line a change of variables (k4 p)P = ¢P is performed. Comparing this
expression with

1 — o
W)= W/ d"q frg(q) ™, (182)

we conclude

Frsa) = s [ ®gla—Re 00 R (18

(27)
The last step is the inverse Fourier transform
_ 1 N 1 N L 50P%%kp (q—k)s \ ,—iqox®
f*g(x)—W/dCI(W/ k f(k)g(q—k)e™ )e
1 N Ny 701 ,—ikox® ,—5kpOPOpy 20\ —ipsx®
*W/d P/d k fk)e "% em 27 Pog(p)e=Por .
In the last line the change of variables (¢ — k), = py is performed. In order to eval-

uate this integral we expand in powers of the deformation parameter 6P, calculate
term by term, and then sum up all the terms again

fxglx) = (2717)1\’ /qu /de f(k)e_ikcxc (1 - %kp 6P po

1/ i\? o,
+5 <2> kplkngplo'l szdnglpngr"')g(p)e IpoX

] 1
= fg+ i9’)G(<9pf)(aog) - geplcl 67292 (dp, 9p, f) (9o, 90, 8) +
= u{e LhoPo ap®a(7f®g} (1.84)

The pointwise multiplication was defined in (1.23).
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For polynomial functions expression (1.84) is a finite sum and therefore we have
a well-defined x-product. On the other hand, in general for f and g smooth functions
we have an infinite sum that not always converges. One route is to consider different
expressions for the x-product that however reduce to the above one for polynomial
functions. These expressions are typically via an integral kernel and therefore are
nonlocal, an example is

frg(x)= (2n)*2N//f <x+;9u> gx+s)e™dVuds .

This product is well defined on the space of smooth rapidly decreasing functions.

A different route is to continue to work with a x-product that is a differential
operator in both its arguments (i.e., a bidifferential operator). This is achieved by
introducing the formal parameter 4 and by considering the algebra <7, of formal
power series in i of smooth functions. The x-product (1.84) is well defined on o7
and we obtain the deformed algebra .27
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Chapter 2
Deformed Gauge Theories

Julius Wess

Gauge theories are studied on a space of functions with the Moyal product. The
development of these ideas follows the differential geometry of the usual gauge the-
ories, but several changes are forced upon us. The Leibniz rule has to be changed
such that the theory is now based on a twisted Hopf algebra. Nevertheless, this
twisted symmetry structure leads to conservation laws. The symmetry has to be
extended from Lie algebra valued to enveloping algebra valued and new vector po-
tentials have to be introduced. As usual, field equations are subjected to consistency
conditions that restrict the possible models. Some examples are studied.

2.1 Introduction

Gauge theories have been formulated and developed on the algebra of functions
with a pointwise product:

p{fee=1r-8 (2.1)

This product is associative and commutative.

Recently, algebras of functions with a deformed product have been studied in-
tensively [1-5]. These deformed (star) products remain associative but not commu-
tative.

The simplest example is the Moyal product,' see Chap. 1 for details

i

wifogy=ul{er? %% el (2.2)

It had its first appearance in quantum mechanics [6, 7].
The star product can be seen as a higher order f-dependent differential operator
acting on the function g. For the example of the Moyal product this is

! Note that in this and in the following chapters in the first part of the book the deformation
parameter & is absorbed in 6PC. Therefore, from now on we refer to 6P¢ as the deformation
parameter.

Wess, J.: Deformed Gauge Theories. Lect. Notes Phys. 774, 23-37 (2009)
DOI 10.1007/978-3-540-89793-4_2 (© Springer-Verlag Berlin Heidelberg 2009
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oo 1 i n
f*g::}:’ﬂ<2> 0715 07 (35, ...0p 1) (For - 0mg).  (23)
n=0"""

The differential operator maps the function g to the function f *g.
The inverse map also exists [8, 9]. It x-maps the function g to the function ob-
tained by pointwise multiplying it with f

Xjxg=1f-g (2.4)

For the Moyal product we obtain

Xi=3 L (—’) 0PI .. 0P (O, ... Op, f) *0g, .- 05, (2.5)

!
—on! 2

The star-acting derivatives we denote by 8; . For the Moyal product the
*-derivatives and the usual derivatives are the same. Star differentiation and star
differential operators have been thoroughly discussed in Chap. 1 and in [9, 10].

In this chapter we are going to study gauge transformations on Moyal or
6-deformed spaces.?

2.2 Gauge transformations

Undeformed infinitesimal gauge transformations are Lie algebra valued:

60 (x) = ia(x)¢(x),

o(x) =Y o (x)T, (2.6)
[Ta, Tb] =i abcTc,

[306’6[3]4) = [, Blo = _i6[a,ﬂ]¢a

where ¢(x) is a matter field which belongs to an irreducible representation of the
gauge group.

In the previous chapter deformed gauge transformations were introduced. Here
we analyze them in more detail. They are defined as follows [11, 12]:
Op® =iX5*¢ =iX;aT* ¢ =ic-¢. (2.7)
From the fact that X}‘ *Xg* = X; g We conclude
(Xt X5l = X0 p)>
(65,8519 = —i6(, p10- (2.8)

2 A comparison between the present approach to noncommutative gauge theories and an earlier
one, so-called Seiberg—Witten map approach, is in Chap. 5.
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The *-transformations 87 represent the algebra via the usual® commutator. How-
ever, written in terms of the operators X/ the same algebra is represented via the
*-commutator.

Before we construct gauge theories we have to learn how products of fields trans-
form.
In the undeformed situation we use, without even thinking, the Leibniz rule:

60 (9 W) = (8u9) W+ 0-(Say), (2.9)
and we can easily verify that this Leibniz rule is consistent with the Lie algebra:
[0ct, O] (¢ - W) = —i0.p] (9 W). (2.10)

For the deformed transformation law of a x-product of fields we demand a trans-
formation law that is in the class of transformations defined in (2.7) [8, 9, 11, 13, 14].
This amounts to first decomposing the representation ¢ x Y for x-independent pa-
rameters into its irreducible parts and then follow (2.7) for gauging

Ou(@*xy) =iXoax{TOxy+ ¢ xTy}. (2.11)
Certainly it is consistent with the Lie algebra:

182, 331(0 % W) = —i8, 5 (0% ¥)- 2.12)

Because ¢ x y is a function we can use the definition of XJ? given in (2.4) and
simplify (2.11)
On(@*xy)=io" - {T¢pxy+¢xTy}. (2.13)

As a“ does not commute with the x-operation this is different from (2.9). To see
this difference more clearly we expand (2.13) in 6

5o (O xy) = ia”{T“¢~w+¢~T”w
+;9P"(T“&p¢~aaw+ap¢~raaow)+0(92)}. (2.14)
The final version of the Leibniz rule for the x-product should be entirely ex-

pressed with x-operations. Thus we express (2.14) with x-products. A short calcu-
lation (see Chap. 1, Sect. 1.6 for details) shows

Oa (9% W) = i(ag)xy +ipx(oy) (2.15)
—éepc (i ((9p0)8) * (Jo W) + (3p9) *i ((do ) )) + O(62).

3 Here the usual commutator [A, B] = AB — BA stands in contrast to the x-commutator which is
defined in the following way [A ¥ B] = Ax B — BxA.
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With more work we can prove by induction to all orders in 0 the following equation:
6o (@ +y) = i(ad) xy+ipx (ay)
+i; - (;) OPIOL 0P ((3, ... I )0 % (o, ... O, W)
+(8,_,| - 0p,9) % (0o, ... 05, 0) Y }. (2.16)

This is different from what we obtain by putting just stars in the Leibniz rule (2.9).
But this difference has a well-defined meaning if we use the Hopf algebra language
to derive the Leibniz rule.

2.3 Hopf algebra techniques

The essential ingredient for a Hopf algebra [15, 16] is the comultiplication A (o):
For the undeformed situation we define

Ale)=a®1+10a. 2.17)

It allows us to write the Leibniz rule (2.9) in the Hopf algebra language:

8a (- y) = u{A(a)p @ y}. (2.18)
In the deformed situation we use a twisted coproduct:

Az(a)=F(a1+1Qa)F !,
P LA T (2.19)

Here % is a twist that has all the properties to define a Hopf algebra with A # (o) as
a comultiplication [17-24]. Details about Hopf algebra methods, twists, and twisted
Hopf algebras will be given in Chaps. 7 and 8. We can show that the transformation
(2.16) can be written in the form

S, (0 xy) =in{Az () @y}, (2.20)

with the multiplication L, defined in (2.2). Equation (2.20) defines the Leibniz rule
in terms of the twisted comultiplication and the product .. To show this we start
from Eq. (2.13) and write it with the explicit definition of the x-product:

S0+ w) = iou {30 W0 (T @y + 9@ T) |
—i 1(;) BPIO . 0P (0" T (3p, . Iy $) (I, - - Dy W)

|
n=0""

+(dp, - 9p,0) T (9g, ... 05, ¥)) - 2.21)
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This we now rewrite as follows:
Ou(pxy) =in(a®1+1e a)e%epcgp&%(b Qv
— iu {e%epﬁﬁp&% ,e—%9P63p®¢9¢(a® 1+1® a)e%epcal’@aﬁq) ® q/}
= il{Az ()9 @y} (2.22)

The last line is exactly (2.20).

Gauge fields can be included in this formalism as well. In the undeformed situ-
ation they are Lie algebra valued, Ay (x) = A, (x)T“, and under infinitesimal gauge
transformations transform as follows:

8Ay = dyo+ia® [T Ay). (2.23)

Let us calculate the contribution of the gauge field to the Leibniz rule. As an example
we calculate

05 (Au*9) = {A7()A, ® 9} (2.24)

and obtain

Sy (Au*w) =io ([T Ayl xy) +io (AyxTy) + (duo”) Ty
= ia’ ((TAp) xy — (AuT*) * y)
+Hia(AuT*) x Y+ (duo) Ty
=ia"T“(Ay*xy)+ (dua) y. (2.25)

Now we define a covariant derivative
Dy =dyy —iAy*y. (2.26)
It will transform covariantly
oy (DZ V) =ioT* (D; V) = iXpa* T“(DZ ), (2.27)
if the vector field A, transforms as in (2.23)
OpAu = dyo+ia [T Ayl = dyor+iXya* [T, Ay). (2.28)

From (2.28) we see that a Lie algebra valued vector field remains Lie algebra valued
by the transformation (2.28).

2.4 Field equations

Now we proceed as in the undeformed situation. First we define the field strength
tensor:

Fuy = i[Dy, 5 DY)



28 Julius Wess
= aﬂAv — 8vAu — i[Au TAV}. (2.29)

Here we see already that Fy;,, will not be Lie algebra valued even for Lie algebra-
valued vector fields. Namely, assuming that the gauge field is Lie algebra valued
Ay = A[ T the field strength tensor Fyy (2.29) can be decomposed in two parts

Fuy = F{\, T+ F, %{T“, T'}. (2.30)
Since anticommutator of generators {7¢,T”} is not Lie algebra valued in general,
the full Fy;,, will not be Lie algebra valued in general.

Using the twisted gauge transformations of the gauge field A, (2.28) and the
deformed Leibniz rule (2.16) we derive the transformation law of the field strength
tensor:

OpFuy = iX5a * [T Fyy| = i[o, Fyy]. (2.31)

The expression F*Y x Fy,, = n#PnY9Fyy Fps will transform accordingly
Op (FMY % Fyy) = iX5a % [T F*Y % Fyy] = i[a, F*Y % Fyy]. (2.32)

Hint, use the transformation law (2.31) and the deformed Leibniz rule (2.16).
The Lagrangian that is invariant under the twisted gauge transformations (2.28)
we define as in the gauge theory on commutative space:

1
L = ~Te(P* % Fuy), (2.33)

where ¢ is an arbitrary constant. It is invariant and it is a deformation* of the unde-
formed Lagrangian of a gauge theory.

To speak about an action we have to define integration. We take the usual integral
over x on the commutative space and we can verify that

/d4xf*g:/d4xg*f:/d4xf-g (2.34)

by partial integration. This is called the trace property of the integral or cyclicity .

Equation (2.34) allows a cyclic permutation of the fields under the integral. To
derive the field equations we use the usual Leibniz rule for the functional variation,
that is, we vary the field where it stands. The trace property is then used to derive
the final result. As an example we look at the action for the gauge field

1
S = - / d*x Tr(F*Y x Fyy). (2.35)

4 One can expand the *-products appearing in the Lagrangian (2.33) and check that in the zeroth or-
der in the deformation parameter 6P° the Lagrangian of the undeformed theory is obtained. Higher
order terms give new contributions due to the noncommutativity (deformation) of the commutative
space.
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From the trace property we compute

54, (2) c5Ap /d x Tr(FHY % Fyy)

- e (( 51?4?(()))*@“””*(%))

:lﬁ4 @V ) PV () (2.36)

5 .
- E/d“x Trm(a’uAv _avA‘u _l[Au ,AV])*F“V(X)
= ﬂ/d“x Tri(a Ay —iAy*xAy) x F*Y (x)
c SA, () v T Ay

because F*V is antisymmetric. Then we have

5
54, (2)

/wn{auz)@wm
—ist (x—z)*Aﬂ*Fp“—zA#*é )(x—z) «FFPY (2.37)
- 7% /d4x Trd™ (x — 2) x {JuFHP — iAy % FHP +iFMP %Ay}
The field equations follow after using (2.34)

oS
3Ap (z)

_ .t /d4x Trd@W (x — 2) {QuFHP —iAy x FHP +-iF*P x Ay}, (2.38)
C

These are exactly the equations we have expected from covariance:
DZF’“”’ = OuF*Y —ilAy s F*Y] =0. (2.39)

We have already seen that F};, cannot be Lie algebra valued. From the field equa-
tions (2.39), considered as equations for the vector potential A,, we see that A,
cannot be Lie algebra valued either. We have to consider F,, and A, to be envelop-
ing algebra valued. The additional vector fields (coming from the non-Lie algebra-
valued parts) will introduce additional ghosts in the Lagrangian. To eliminate them
we have to enlarge the symmetry to be enveloping algebra valued as well. For sim-
plicity we assume o, Ay, and Fy;y to be matrix valued when the matrices act in the
representation space of 7.

From the field equations (2.39) follows a consistency equation because F*V is
antisymmetric in ¢ and v:

ov[Au ¥ F*Y] =0. (2.40)

To verify this condition we have to use the field equations (2.39). First we differen-
tiate (2.40)
H[Ay T FRY] = [0vAu s FHY ]+ [Ay s o FHY]. (2.41)
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In the first term we replace dyA, by %(BVAL, —dyAy) because F,y is antisymmetric
in u and v. Then we express this term by F;, according to (2.29):
i i

sz + Ay T AL (2.42)

1
E(()VA[J _auAv) 7

The x-commutator [F*V 5 Fyy] = F*Y % Fyyy — Fyyy % F*V vanishes and we are left
with 5[[Ay ¥ Ay] ¥ F*V] for the first term in (2.41). For the second term in (2.41)
we use the field equations (2.39). Finally all terms left add up to zero if we use the
Jacobi identity. In all these equations Ay, and F;, are supposed to be matrices. We
have suppressed the matrix indices.

A conserved current is found

7 =1Auy s FHY], avj' =0. (2.43)

For 6P% = ( this is the current of a non-abelian gauge theory on commutative
space.

2.5 Matter fields

Matter fields can be coupled covariantly to the gauge fields via a covariant deriva-
tive. We start from a multiplet of the gauge group yy not necessarily irreducible.
The index A denotes the component of the field y in the representation space. The
transformation law of y is 83wy = iX}; .5 * VB = i04pyp. For the usual gauge trans-
formations oy p will be Lie algebra valued. The covariant derivative is

(DLw)a = duWa — iAuap* Y- (2.44)

The gauge potential A, in now supposed to be matrix valued in the representation
space spanned by the matter fields.
For a spinor field

Vo * Vi (DjiW)a (2.45)

will be invariant and therefore suitable for a covariant Lagrangian.
We consider the Lagrangian

1
L= ;Tr(F“V*F,W)Jrl/'/*y“(iau AR Y —mP . (2.46)
We have suppressed the matrix indices.

The field equations are obtained from (2.46) by varying the fields in the same
way as in Sect. 2.4:

8% . _
Si = OuFyy +i[Au 5 FPH]ap + Y5 g Wpa * Wan = 0, (2.47)
p
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and for the matter fields

0%

oV (Juya — iAuap* Wp) +imya =0 (2.48)
62 _ ._ . o

Sy = (QuWay" + YY" xiAyap) — imyy = 0.

Again, Eq. (2.47) leads to a consistency relation that can be verified with the help
of the field equations. It is, however, important that the representation space for the
field y and the vector potential Ay 4p are the same. The representation space of the
matter fields determines the space for the gauge potentials.

We conclude that there is a conserved current:

Jap = ilAu s FPP)ap — ¥0 g Wpa * Was- (2.49)

We were again able to find a conserved current as a consequence of a deformed
symmetry. Even if we put the vector potential to zero there remains the part from
the matter field. There are conservation laws due to a deformed symmetry. It is
remarkable that we have found conserved currents in the twisted theory as well. In
the undeformed theory we can derive them with the help of the Noether theorem.
In the deformed theory this is not possible. Nevertheless the property that a theory
has a conserved current is preserved by a deformation. This is an important step to
convince ourselves that a deformed gauge theory has properties close to what we
need for physics.

2.6 Examples

1) Maxwell equations

We start from the simplest gauge theory based on U(1) and describing gauge
fields only. We proceed schematically. The transformation law of the gauge field
Ay:

5;A“ =dya. (2.50)

The covariant derivative:
D; =0y —iAy*. (2.51)

The field strength tensor:
Fuy = [D; *D}] = Q#AV — A — i[Au *Ay]. (2.52)

The Lagrangian:
1
L= fZF”V*F”V. (2.53)
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The field equations:
oM Fyy —i[A* 5 Fyy] =0. (2.54)

Consistency equations:
dV[A* 5 Fyy] =0. (2.55)

A schematic proof of the consistency condition:
[0VAH * Fuy] + (A 19V Fyy] = (2.56)

- %[[AV FAM]F By ] + AR % [AY 5 Fu ). (2.57)

We have used the field equations and the fact that [Fy;, ¥ F*V] = 0. The terms left
can now be rearranged

[[AY 3 AM] 5 Fv] + [[A% 3 Fuv] 3 AY] + [[Faw 3 AY] 5 AY] (2.58)

and vanish due to the Jacobi identity.
‘We found a conserved current:

v=[A"TEy], o) =0. (2.59)

2) Electrodynamics with one charged spinor field

Transformation law of the gauge field and the spinor field:

Oy =iy, O,Au =dya. (2.60)
Covariant derivative:
D;*i = (dy —iAyx), Dzy/ = (dy —iApx)y. (2.61)
Field strength:
Fuy = dyAy — 8VAN —i[Ay YAy (2.62)
Lagrangian:
1

Field equations:

y“(&ul//) —iy“Au*y/—Hml//:O, (2.64)
(QuW)P* + iy %Ay — im = 0.
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Consistency condition:

O ([Ay ¥ FPH]+yPyx ) =0. (2.65)

Proof: As before, the spinor terms have to be added in the current and the field
equations.
Current:

= [Av );va] +Y”W*II/, dvj’ =0. (2.66)

3) Electrodynamics with several charged fields

We try to formulate a model with one vector potential and differently charged
matter fields as we do in the undeformed situation. This amounts to introduce an
U (1) gauge-invariant action for the gauge potential and for the matter fields.

Let us consider the part of the vector potential first.

The transformation law is

OpAu = dyoL. (2.67)

The covariant derivative
D:l = (Jy — iAu*) (2.68)

gives the following field strength tensor
Fuy = dyAy — VA —i[Ay T Ay (2.69)

As an invariant Lagrangian we choose

1
Ly = —ZF“V*FMV. (2.70)
Next we consider the matter fields y” with charges g,, r = 1,..., n. They trans-
form as follows:
oo =igray’. (2.71)

The covariant derivative depends on the charge of the field it acts on:
Dpy" = (dy —igrAupx)y". (2.72)
The U(1) gauge-invariant action can be chosen as follows:
Ly =YW+ (i) +gAu ") —m§ xy'. (2.73)
As the total Lagrangian we take the sum
L =L+ 2y (2.74)

Itis U(1) gauge invariant and it is a deformation of the usual electrodynamics with
different charged fields. This Lagrangian now leads to the field equations:
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OuFH? +ilAy T FP) 4 T g Py + " =0
r

Y (Ouy) —igr Y Auxy +imy" =0, (2.75)
Y Y + iy Y xg"Ay —im,p" = 0.

The first of these equations gives rise to a consistency condition:

9 (i[ VIFPYIH Y g Py x 1,7’) =0. (2.76)
r
From a direct calculation, using the field equations, follows:
3 (1221 S v ) 1)
=—2 — &) [Au Yy (2.78)

The consistency condition is only satisfied if g, = g2 or g, = 1. With one vector
potential we can in a U(1) model only describe particles with one charge. There can
be an arbitrary number of matter fields with this charge. This is different from the
usual undeformed situation. There the commutator in (2.69) vanishes and does not
give rise to an inconsistency.

This is not surprising, we forgot that the vector potential has at least to be en-
veloping algebra valued. This is demonstrated in the next example.

4) Electrodynamics of a positive and a negative charged matter field

The gauge group is supposed to be U (1) and the matter fields are in the multiplet
that transforms as follows:

5oy = iaQy, Q—<(1) Ol>. (2.79)

As outlined in Sect. 2.5, the gauge potential has to be in the same representation of
the enveloping algebra as the matter fields are.
The enveloping algebra has two elements:

Iand O, 0*=1. (2.80)
We generalize the transformation law (2.79) to be enveloping algebra valued
oY =iAvy, A =Xo(x) [+ A (x)0. (2.81)
The vector potential A, has the analogous decomposition

Ay = Ay ()] + By (x)Q. (2.82)



2 Deformed Gauge Theories 35
The covariant derivative is
Dﬁ V= (0y —idyx)y = (dy —iAy(x)xI —iBy(x) x Q) y. (2.83)
The field strength can also be decomposed in the enveloping algebra
Fuv = Fuvl + Gy 0. (2.84)
From the definition of the field strength
Fuv = Outy — Iy ey — i[5 ), (2.85)
follows

Fuy = dyAy — oAy —ilAy TAV] —i[By T Byl
Guy = duBy — By — ilAy * By] — i[By * Ay). (2.86)

The matter fields couple to the vector potential via the covariant derivative

DLy = (dy — istyx)y
= (y —iAu(x) xI —iBy (x) * Q). (2.87)

This leads to the Lagrangian
1
X:—Zg‘“v*ﬂerq"/*y“(i(a”l//)Jr%*q/)—mq"/*ll/ (2.88)

and the field equations

g%: OuF"P +i[Ay s FPH] +i[By 5 GPH] +iy? yxyr =0,
p
A . . . _ AB
55 OuG' HilBu T FPR) Ay GP] iy yax Q™ =0,
p
0% .
W: 'yﬂ(a“W)fl'yl‘%”*ll/+mlI/:0,
‘;’5: DY + iy % 7y — mip = 0. (2.89)

We obtain two consistency equations that render two transformation laws, in agree-
ment with the extended symmetry (2.81)

Jh = ilAy s FPH] 4+ i[By £ GPH] + 1P yia x s, (2.90)

with
dpjh =0 (2.91)

and

Jjh = i[By s FPH] +i[Ay ¥ GPH] — iy wa + Q2. (2.92)
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Julius Wess

We learn that the deformed gauge theory leads to a theory with a larger symmetry

structure, the enveloping algebra structure. This structure survives in the limit 6 —
0. We find the corresponding conservation laws and gauge transformations needed
for a consistent gauge theory.
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Chapter 3
Einstein Gravity on Deformed Spaces

Julius Wess

A differential calculus, differential geometry, and the Einstein gravity theory are
studied on noncommutative spaces. Noncommutativity is formulated in the star
product formalism. The basis for the gravity theory is the infinitesimal algebra of
diffeomorphisms. Considering the corresponding Hopf algebra we find that the de-
formed gravity is based on a deformation of the Hopf algebra.

3.1 Introduction

Gravity theories and differential geometry have been developed on differential man-
ifolds where the functions form an algebra by pointwise multiplication:

p{feer=1r-g (3.1)

In this chapter I want to show that these theories can be generalized by deforming
this product [1, 2]. There are many deformations of the pointwise product to a star
product [3—-6]; the simplest and most discussed is the Moyal product [7, 8] which is
introduced in Chap. 1:

wlf@gt=frg=ufe’® %% fool. (3.2)

This product can be shown to be associative but it is not commutative. It is defined
for C* functions in general as a formal power series in 6°°.! Evaluated on the
functions x* and xV (3.1) yields

Horx’ —xVxxH = M xV] =ioMY. (3.3)

! Remember that like in the previous chapter the deformation parameter  is absorbed in 6P .

Wess, J.: Einstein Gravity on Deformed Spaces. Lect. Notes Phys. 774, 39-52 (2009)
DOI 10.1007/978-3-540-89793-4_3 (© Springer-Verlag Berlin Heidelberg 2009
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These, mathematically, are the canonical commutation relations of quantum me-
chanics but here we postulate them for the configuration space.

A differential calculus on noncommutative spaces has been developed [9-11].
Considering differentiation as a map from the space of functions to the space of
functions

i ot (3.4)

it can be generalized to an algebra map.?
Recognizing that f x g is a function, again one finds the deformed Leibniz rule:

I (f*8) = (Ipf)*xg+ f*(dpg)+ f(Ip*)g. (3.5)

In the case of the Moyal product the x-operation is x-independent and we obtain the
usual Leibniz rule.? To indicate that the derivative now is a map from the deformed
algebra of functions <7 to the deformed algebra of functions <7 we denote it by

&*
f=df
9p(f*8) = (I5f) xg+ [*(d5g). (3.6)

These equations establish a well-defined differential calculus on the deformed space
of functions. They allow us to consider 8;; as a linear operator with the properties:

8;83 = (9;85 (3.7
and

5 f = (93f)+ [}
= (9pf)+f0p. (3.8)

The following treatment of deformed differential geometry will be based on
Egs. (3.2), (3.7), and (3.8). It is only Eq. (3.4) that defines the ordinary derivative of
a function that has to be used as an a priori input. The generalization to the deformed
situation is essentially algebraic in nature.

3.2 Differential operators

We now consider the extension of the algebra of functions (deformed or unde-
formed) by the algebra of derivatives. From the Leibniz rule (3.8) follows that there
is a basis where the derivatives are all at the right-hand side of the functions. An
element of the extended algebra in this basis we call a differential operator [1].

2 This was discussed in Chap. 1 and will be mentioned again in Chap. 4, Sect. 4.2.

3 In this chapter we only consider the 6-deformed space which was introduced and discussed in
some detail in Chap. 1.
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On the undeformed algebra of functions we write

-@{d} = z dfl'"P'()pl . ..8pr. 3.9)

r>0
On the deformed algebra of functions we write

Dy = 3, d0P 9y .3}, (3.10)

r>0

A differential operator is characterized by the coefficient functions d,.. This is indi-
cated by {d}. We shall frequently omit this indication and write & for a differential
operator, with coefficient function d, and 2’ for d_.

Differential operators can be multiplied using the algebraic properties (3.1) or
(3.2) in the deformed case and the relations (3.7) and (3.8).

The product can always be expressed in terms of differential operators by re-
ordering it with the help of the Leibniz rule. In this sense the differential operators
form an algebra in both cases, deformed and undeformed. As in Chap. 1, we call
A P4y the undeformed algebra of differential operators and </~ E‘ &) the deformed

one”. There is a map from the operators .o/ Pyay to the operators &/~ @{* ) that is an
algebra isomorphism

X %-@{d} — sz*.@fd} . (3.1

To define this map we let the differential operators act on a function g:

P8 =3 d"P (dp,...0p,8) (3.12)
r>0
or
P g — del---f’r*(a;] ...9;rg). (3.13)
r>0

Given an operator & we construct a new operator X7, such that its star action equals
the undeformed action of the initial operator 2. For any function g,

X, *xg=9g. (3.14)
Because X7, x g is a function we can apply X; once more:
XZx(X5*g) = (X;*Xg)*g. (3.15)
The left-hand side can also be evaluated by using (3.14) consecutively:
XZ*(X5*g) = XZx(98) =998

= X5, %8 (3.16)

4 For example, the deformed product of the differential operators given by & = dP dp and ' =
d'®1%20, 05, is D*x D' = dP x (9pd'®1°2) dg, 0, + dP % d'*1%2 0 0, O, -
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‘We conclude

X5 *X = (3.17)

*
Multiplying g pointwise with a function f forms a subalgebra of . We shall
now construct the operator X; explicitly for this case starting from (3.1):

f-8 = W{f @} = et oI 0o )

= {e 197 % %% f g g, (3.18)

More explicitly:

xi=y L (_’> 0PI PO (D O 10O (3.19)

0 r! 2
This operator has the properties
Xjxg=f-g (320)

and
X;*X; :X;g (3.21)

It is given by a power series in 6 that at zeroth order is the identity. We thus have
X7 = f+0(0) and X* is therefore an invertible map.

The algebra of functions with pointwise multiplication (i.e., the subalgebra of
undeformed zeroth-order differential operators) is mapped into the star-deformed
algebra of the differential operators X 7. This is a subalgebra of the deformed algebra
of differential operators 7 *@{* a4}

The Lie algebra of infinitesimal (local) diffeomorphisms on .7, is generated by
vector fields

& = &EH(x)ay,
[£.1] = (E¥(dunP) —n*(du&P)) 9p
=(Exn)Pdh=Exn. (3.22)

The commutator of two vector fields is a vector field again. This is not the case for
the star commutator because the x-product of two functions does not commute. The
differential operators X#, however, will form an algebra under the star commutator:

X2 5 X7 = XE, - (3.23)

This follows from (3.17).
The operator Xg satisfies

Xixg=2&g, (3.24)

for any function g, and is easily constructed starting from (3.22)

Sg=c"dug = 5" (9ug) = Xiux (dy8). (3.25)
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Thus, we find
XE = ng * . (3.26)
Again the usual Lie algebra of infinitesimal diffeomorphisms (first-order differ-

ential operators with Lie bracket given by the commutator in &7 Z,,) is mapped
into the Lie algebra of the differential operators X7, where the bracket is given by

the commutator in o/ *2,:‘ it

é — Xg
[Xg’,*X;] = XEXU' (3.27)

This is the starting point for the construction of a tensor calculus on tensor fields.

3.3 Tensor fields

The classical theory of gravity is based on invariance under coordinate transforma-
tions.” This leads to the concept of scalar, vector, and tensor fields that transform
under infinitesimal general coordinate transformation as follows:

scalar: Oed(x) = —E9,
covariant vector: 0V (x) = =&V — (du&P)Vp, (3.29)
contravariant vector: 8z VH (x) = —EVH 4 (9, EH)VP

and similarly for other tensor fields.® Note that in (3.29) the variation 55 stands for
8:0 = 0'(x) ~ 6 (x).

The concept of coordinate transformations is difficult to generalize to deformed
spaces, but the transformation laws of fields are representations of the Lie algebra
of infinitesimal diffeomorphisms, that we just learned how to deform. Recalling
the transformation law (3.24) of functions under deformed infinitesimal diffeomor-
phisms we define the following transformation laws of fields under the deformed
algebra of diffeomorphisms:

820 = —Xtx9=—£9,
82V = XL HVi = Xfy 0 #Vp = —~EVi— (9uEP )V,
SEVH = —XExVH X[ cuy % VP = —EVH 4 (9pEH)VP (3.31)

and similarly for other tensor fields.

5 Infinitesimal coordinate transformations are given by
= =M ER (), (3.28)

with infinitesimal £ (x).
% For example, for a covariant tensor of rank 2 we have

O Ty (x) = =& Ty — (0uEP ) Tpy — (9 EP ) Typ. (3.30)
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To construct Lagrangians we have to know how the x-product of fields trans-
forms. These products should transform as tensor fields again, e.g., the x-product of
two scalar fields should transform as a scalar field again

& (0 xy) = —Xix(9*y) (3.32)
= —C(9xv).

A direct calculation shows that this is identical to
82 (pxy) = —u{FAE)F 9yl (3.33)
Here A (&) is the usual comultiplication A on the vector field &,
A)=¢,1+1E. (3.34)
Z is called a twist and it is the element
F = 3977%E% (3.35)

The right-hand side of (3.32) and (3.33) can be calculated in a power series expan-
sion in O and will be found to be the same.

The advantage of the expression (3.33) is that it links to the formalism of con-
structing new Hopf algebras (symmetries) by deforming via a twist existing ones
[12-18], see Chap. 8 for a short introduction and Chap. 7 for more details concern-
ing Hopf algebras. Many results are known there [19, 20]. We first have to establish
that the twist .% defined in (3.35) really satisfies the conditions for a twist. This is
the case (see a proof in (8.8) and (8.9)).

Then we can use the twist to deform the Leibniz rule for arbitrary tensor fields.
The procedure is as follows:

First consider the coproduct (also called comultiplication) for the undeformed
transformations

A(5€)=5§®1+1®65, (3.36)

where the variations 55 are expressed by differential operators such that
Oe(0@y) = (0:0) @Y+ ¢ @ (S y) (3.37)

for any two tensor fields, this follows from the usual Leibniz rule of infinitesimal
variations. This coproduct can be twisted

Az (8:)=FA(5)F . (3.38)
Finally define the deformed Leibniz rule

52 (0% w) = mAA#(3:)0 ® ). (3.39)
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This is not limited to scalar fields but applies also to the x-product of generic tensor
fields ¢ =Ty ;" and y =T, " 7.
We can convince ourselves that this Leibniz rule has the properties demanded at
the beginning of this section, i.e., that x-products of tensor fields transform as tensor
fields (cf. (3.33) for scalar fields).
The deformed coproduct A # defines a new Hopf algebra. As a Hopf algebra the

algebra of infinitesimal diffeomorphisms is deformed!

Note

More explicitly the deformed Leibniz rule reads

62 (¢xy) = w{Az (&)o@ v}

= (6;¢)* v+ 9 x(8 )
| i\" .
+ 21 ; (_E) eplol ..‘Gp’lo-n{a(apl mapné)(P*(ao-l ...8(;" l[f)
+(py -9, 9) %83, 0,8 V- (3.40)

The calculation in order to establish the second equality is very similar to the one we performed in
order to find the Leibniz rule for the deformed gauge transformations in Chap. 1, Sect. 1.6.

Let us see in an example that by using the deformed comultiplication the x-product of two
tensor fields 7y, 12" x Ty transforms like the tensor field 7}," /" ;™. Consider the x-product
of a scalar and a vector ﬁeld

B9+ Vu) = u*{e*%e""ap@ac (65®1+1®65> e%G”"ap@ao((p@v,,)}

= m{6g¢®v,1+¢®6gvu
50 ((1.0210) & @a¥i + @p0) & (120.02%)) + 016}
SEO*Vu+ o8V,

%W ((85,60)* (90Vi) + (39) *(85,6Vi) ) + €(62)

= (0% Vu) — (du&M)(9xVH)
= *XE*((P*VM)*X(*auék)*((l)*v)t) (3.41)

In the first line the definition of the deformed Leibniz rule is used and expanded to the first order in
the deformation parameter 6°°. Then all the x-products were expanded and terms were collected
in such a way that the line above the last is obtained. In the last line the result is rewritten in terms
of higher order differential operators X*. Comparing (3.41) with the transformation law of a vector
field (3.31) we see that ¢ x V), indeed transforms as a vector field.
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3.4 Einstein—Hilbert gravity

The Einstein—Hilbert theory of gravity can now be constructed following its presen-
tation in a textbook.

1) Covariant derivatives

The covariant derivative of a tensor field should again transform as a tensor field.
This can be done with the help of a connection I". For a covariant vector field

Dy *Vy = QﬁV\, —F“o@ * V. (3.42)
For (3.42) to be a covariant derivative
6EDH *VV = _Xg* (D‘u *Vv) _X(*auép)(Dp *Vv) _X(*avép)(D/J *Vp)
= —é(Dﬂ *Vy) — (augp)(Dp *Vy)— (Bvé”)(D“ *Vp) (3.43)
the connection has to transform as follows’:

BT = —XEX I = Xioy o) ¥ T = X{o, o) ¥ Ty +-X(3y ey % Tify — Gudv £

(3.44)
This can easily be generalized to arbitrary tensor fields.?
2) Curvature and torsion
The curvature and torsion tensors can be defined as usual [21]
Dy ¥ Dy) %V = Ruvp® * Vo + Ty * x D % V. (3.46)
They can be expressed in terms of the connection:
— B B
Rusp = 03T = 03T + Ly < I5 ~ Ty« 35, (47
Tyw* = Fv‘ﬁ _Flf\‘,, (3.48)

From the transformation law of the connection (3.44) follows that curvature and
torsion transform like tensors if the deformed Leibniz rule (3.39) is used. From now

7 Hint, use (3.43), the deformed Leibniz rule (3.40), and the fact that 65* (OuVy) =0y (55* V).

8 In the commutative case this generalization is done via the Leibniz rule for the covariant deriva-
tive. In the deformed case the usual Leibniz rule for the covariant derivative does not hold, check
for example D, * (V¥ xV,,). Instead we define the covariant derivative on a tensor field to be

ViV ViV o ViV o ViV
D;, *Tu]“.pp = a},Tyl.“y,, _Flul *Toc.uy,, - _F)L,Jp * Ty,

LT+ BT (343
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on we assume for simplicity that 7),,* = 0, i.e., that the connection Fu‘; is symmetric
in its lower indices.

3) Metric tensor

The relevant dynamical variable in gravity is the metric tensor. It is introduced
as a covariant symmetric tensor of rank two:

5&*Gyv = —XE*G#V —X(*auép) *Gpy —X(*avép) *Gyp. (3.49)
For 6 = 0 we identify it with the usual metric field:

Guv 0—0 = 8uv- (3.50)

Next we have to construct the x-inverse of the metric?:
GuyxG'P* =& (3.51)

Let us first construct the x-inverse of a function that is invertible in the undeformed
algebra:
ffl=1 (3.52)

The star inverse f~!* is defined by
frfr=1. (3.53)

It exists as a geometric series because f~! exists, see Chap. 1. The additional terms
are a power series in . To find f~!* in a compact version we start from

fxft=1+0(0),

(Frf ) =t t=) "
=Y (1-f+rH" (3.54)
n=0
:\1/+1—f*f*‘+1—2f*f*‘+f*f*‘*f*f*1+..-.
n=0 n=1 n=2

The star at the nth power means that all the products are star products. By definition
we know that

(Frf Hx(frfH =1 (3.55)

The star multiplication is associative. We use this for Eq. (3.55) and write it in the
form

9 The x-inverse of the metric tensor G wv is a function and not a differential operator.
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fr(f () =1 (3.56)
It follows that

=t (x (3.57)

The factor (fx f~!)~'* has been calculated in (3.54) as a power series expansion in
f and f~!. We insert this into (3.57) and find that f~'* can be expressed in f and
.

To invert the metric tensor we follow the analogous procedure. Equations

Guv . GVP - 5[1),
Guy*xG"P* = 8f (3.58)

are the defining equations for GX¥ and G*V* 10, For G*V* we find

GMV* =GP« (GxG ) ], (3.59)
where G and G~! are short for the matrices Gyv and GHY, respectively. We also can
show that

(GxG ) =% (1-GxG")". (3.60)
n>0
Because the x-product is not commutative G*V* will be not symmetric in g and v.

It can now be shown explicitly from the transformation law (3.49) for Gy, that
GHV* transforms as a contravariant tensor of rank 2.

In formulating the Einstein theory we meet the determinant and the square root of
the determinant. As it is more difficult to generalize the square root to a x-square root
we first introduce the vielbein as the “square” root of the metric tensor. It consists
of four covariant vector fields E Ha that form the metric:

1
Guv = ~ (E;*Ev” +Ev“*Eu”> Nub- 3.61)

2

As the x-product is noncommutative we have symmetrized Gy explicitly. For the
vielbein fields we demand in analogy with (3.50)

Elf 00— elf. (3.62)
Since E ”“ transforms as a vector
* _ * *
5& Ha— —Xél *(a}LEHa)—Xayngla, (363)

10 Both the *-inverse G*¥* and the usual inverse G*V transform as contravariant tensors of rank
2. Hint: use (3.49), (3.58), and the deformed Leibniz rule in the case of G, « GYP* and the usual
Leibniz rule in the case of G, G"P. We also notice that in the zeroth order in 67° both G*¥ and
GHY* are equal to the commutative metric tensor g"V.
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it follows that Gy, transforms like a tensor, provided that the deformed Leibniz rule
(3.40) is used. The x-determinant of the vielbein is defined as follows:

1
E* =det,.E, = Es“v--meal,,,MEﬂ“l' xR Bt (3.64)

The star on E* and det, indicates that all the multiplications are x-multiplications.
This normalization was chosen such that

det.Ey| = detey. (3.65)

The second e-tensor is necessary because the x-product is noncommutative.
The important property of the determinant is that it transforms as a scalar density:

SLE" = ~X{xE" ~ X[y e *E". (3.66)

This is a consequence of the transformation law of the vielbein (3.63). This justifies
the definition (3.64) of the x-determinant.

We now have all the ingredients we need to proceed for the formulation of the
Einstein—Hilbert dynamics.

4) Christoffel symbol

We demand that the covariant derivative of Gy, vanishes:
Do %Gy = 95Gpy— g x Gpy— Iy G = 0. (3.67)

We permute the indices, assume that G, is symmetric, use (3.58) and obtain by
following the analogous procedure of the classical case:

1
Ip=3 (%GMWEGW* 3$Gaﬁ) *GT*. (3.68)

The connection is entirely expressed in terms of G,g. In this case we call I a‘;} the
Christoffel symbol of the metric connection.

Again the transformation law of the connection (3.44) follows from the transfor-
mation law of Ggg.

5) Ricci tensor and curvature scalar

We obtain the Ricci tensor by summing the upper index with one of the three
lower indices of the curvature tensor (3.47). As the curvature tensor is antisymmetric
in the first two indices we have only two choices left. Summing the second index is
a deformation of the classical Ricci tensor:

Ry = Ruov©. (3.69)
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The result Rum" vanishes in the commutative limit 6 — 0. Nevertheless, we could
add such a term to the Ricci tensor (3.69) and obtain another deformation of the
classical Ricci tensor.

We see that the deformation of the classical theory is not unique. Terms that are
covariant and vanish for 8 — 0 are quite possible. To really make the deformation
unique an additional requirement has to be added. We take simplicity and define the
Ricci tensor by (3.69).!!

The curvature scalar we define by contraction'? with G#V*

R=G"*xRyy. (3.70)

Again, as G*V* is not symmetric and the *-product is noncommutative (3.70) is a
choice.

We can now show by starting from the tensor Gy, that the curvature scalar trans-
forms as a scalar field

S{R=—X{*R=—EM(JuR). 3.71)

6) Lagrangian

The curvature scalar multiplied by the determinant E* transforms like a scalar
density. From (3.71) and (3.66) it follows that

8t (E*%R) = —0 (Xgﬂ *(E**R)) . (3.72)

To define an action and the variational principle to find the field equation we have
to give a definition for the integral. A possible definition is

/f = /d“x s (3.73)

i.e., we use the usual integral on commutative space (cf. Chap. 2). This integral has
the trace property, which can be checked by partial integration

11 T et us look at the symmetries of the curvature tensor (3.47) and the Ricci tensor (3.69). The
curvature tensor is antisymmetric in the first two indices, but Ryvps = Ry vpl * Gy 18 not anti-
symmetric in p and o. Also we have Ryvps 7 Rpopuv- From this it follows that R,y = Ry 5y is not
symmetric in 4 and v. As discussed above, R,y is also not unique, one can add the antisymmetric
part Ry, to it without spoiling the commutative limit.

12 Contraction of a tensor Fyp is done with the noncommutative metric tensor G#V*. However,
since the x-product is not commutative expressions G*¥* x Fy;,, and Fy,, « G** will in general be
different. An example is the definition of the scalar curvature (3.70). This definition is not unique,
we could have chosen also R = Ry, * GH"* or a symmetrized formula R = 1 /2(G*¥* xRy, +Ryy x
GHY*). Tt is important that all these choices have the correct commutative limit (when 6 — 0 they
should reduce to the scalar curvature of the commutative space). Also they all have to transform as
scalars under the deformed diffeomorphisms. Contraction (pairing) is also discussed in the end of
Sect. 8.2.2.
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/d4x frg= /d4x g*f. (3.74)

A suitable!? action for a gravity theory on deformed spaces is

I
Su=3 / d*x (E**R+ c.c.). (3.75)

A reminder: By all the transformation laws of products of fields the deformed

Leibniz rule (3.39) has to be used.

The trace property of the integral (3.73) allows us to define a variational principle,

see Chaps. 2 and 4 for more details. This leads to deformed gravity equations.
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Chapter 4

Deformed Gauge Theory: Twist Versus
Seiberg—Witten Approach

Marija Dimitrijevié

In this chapter we discuss two possible ways of introducing gauge theories on
noncommutative spaces. In the first approach the algebra of gauge transformations
is unchanged, but the Leibniz rule is changed (compared with gauge theories on
commutative space). Consistency of the equations of motion requires enveloping
algebra-valued gauge fields, which leads to new degrees of freedom. In the second
approach we have to go to the enveloping algebra again if we want noncommu-
tative gauge transformations to close in the algebra. However, no new degrees of
freedom appear here because of the Seiberg—Witten map. This map enables one to
express noncommutative gauge parameters and fields in terms of the corresponding
commutative variables.

4.1 Introduction

In previous chapters a way to deform commutative spacetime was introduced. The
starting point is an abstract algebra of noncommuting coordinates. Then one uses
the Poincaré-Birkhoff-Witt property to map this algebra into a space of commuting
coordinates with a new noncommutative product called x-product. This product can
be expanded in orders of the deformation parameter which is supposed to be of the
order of Planck length that is very small. In the zeroth order of the expansion the
usual pointwise product is obtained. Based on this approach noncommutative gauge
theories and a noncommutative theory of gravity are formulated in the previous
chapters.

Gauge theories on noncommutative spaces (NC spaces) are formulated using the
twist approach in Chap. 2. Especially, U(1) gauge theory coupled with matter is
discussed in detail. The problem of charge quantization that arises in this approach
is solved by going to the enveloping algebra of U(1). In this chapter we continue
analyzing gauge theories on NC spaces. As in the previous chapters we work with
the simplest example of noncommutative spaces, the canonically deformed space

Dimitrijevié, M.: Deformed Gauge Theory: Twist Versus Seiberg—Witten Approach. Lect. Notes Phys. 774, 53-72 (2009)
DOI 10.1007/978-3-540-89793-4_4 (© Springer-Verlag Berlin Heidelberg 2009
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or O-deformed space. In Sect. 4.2 we repeat some basic properties of this space. In
Sects. 4.3 and 4.4 we present two different ways to introduce gauge theories on the
0-deformed space and we compare them. In Sect. 4.3 twisted non-abelian gauge the-
ories [1, 2] are discussed and equations of motion for the pure Yang—Mills action are
derived. Consistency of these equations enforces enveloping algebra-valued gauge
fields. In Sect. 4.4 we turn to Seiberg—Witten gauge theories which are another
way of introducing gauge theories on NC spaces. Seiberg—Witten gauge theories
are based on the Seiberg—Witten map (SW map) between commutative and non-
commutative gauge transformations and fields. This map was initially introduced
for U(N) gauge fields in [3], in the context of open string theory (and the zero slope
limit o¢ — 0 [3]). It has then been studied in the case of arbitrary gauge groups
[4-8]. The SW map and the x-product allow us to expand the noncommutative ac-
tion order by order in the deformation parameter and to express it in terms of ordi-
nary commutative fields. Using this approach a deformation of the standard model
was constructed in [9, 10] and some new effects which do not appear in the commu-
tative standard model were calculated in [11, 12].

Finally we end this chapter by comparing the noncommutative gauge theories
obtained by using the twist approach and the Seiberg—Witten approach.

4.2 0-deformed space

In Chap. 1 see also [13, 14] the noncommutative space 42/; was introduced as a
quotient

5 0.2k
% — C[x ) ) :IH ]]' (4.1)
I
Here the two-sided ideal I is given by the linear span of elements
1, (£...0) ([, 2Y] —iO"Y (%)) (%...%), 4.2)

where (£...%) stands for an arbitrary product of the coordinates £# in the alge-
bra C[£°,...,#"][[h]]. The algebra C[£°,...,£"][[h]] is freely generated by #* coor-
dinates and formal power series in the parameter /4 are included. We also have that
OHV(%) € C[x°,...,#"[[h]] and for h = O the usual algebra of commuting coordi-
nates is obtained.

The defining relation of the deformed space,

[)2“,)2"] = i@,UV()e)’ u=0,...n, (4.3)

is very general and one usually considers some special examples of it. Among them
there are three very important ones:

Canonically deformed space  [£#,£"] = i6*", 4.4)
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Lie algebra deformed space [, £'] = iC} g, 4.5)
1
g-deformed space ~ £%Y = gR“ potP5°. (4.6)

In the case of the canonically deformed space (which from now on we call 8-
deformed space) [15], 64V = —OYH is an antisymmetric constant matrix of mass di-
mension —2. For Lie algebra-deformed spaces [16, 17] Cf ¥ are Lie algebra structure
constants of mass dimension —1. And finally, R" gg is the dimensionless R-matrix of
the quantum space [18, 19]. These three examples are important because they fulfill
the Poincaré-Birkhoff-Witt (PBW) property which was mentioned in Chap. 1. This
property enables us to map an arbitrary element f (%) of ; to the space of com-
muting coordinates .o7;. First we expand f (%) in the basis of ordered monomials (we
work with formal power series). Elements of this basis are labeled by : £41 ... %% :.
In the case of symmetric ordering we have

DM = 2
(xMRY = E(JE“)?V-H?V)?“),
.
LR — LS gol) | gol), (4.7)
]! oES;

Then each element of the basis is mapped to the corresponding element in the space
of commuting coordinates, for example, : £ :— x* and : 4% :— x*x". For the
element f (%) we obtain

f®) =Co+Cip: & +Copy 1 £H2Y 1 -
4.8)
f(x) :CO +C1ux‘LL+C2ﬂv_x“_xv+....

Note that f (%) in (4.8) is fully characterized by the completely symmetric coeffi-
cients Cy, ol

However, multiplying two arbitrary elements f, § € o gives the result which is
no longer written as an expansion in basis and the elements have to be reordered.
For example, we take the symmetric ordering and multiply two basis elements

SRR = MY
1 1
=3 (RH2Y + V) + 3 (RH2Y —2VEH)

— L RHRY é@”(ﬁ). 4.9)
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In the first line we obtain a result which is not written in terms of basis elements, then
we rewrite it differently. Using relations (4.3) in the last line, the result expressed in
terms of basis elements follows. Once again we mention that @*" (%) is restricted to
one of the three examples (4.4)—(4.6) that fulfill PBW property.

To extend the vector space isomorphism to an algebra morphism one has to map
the multiplication in the abstract algebra o, to the space of commuting coordinates
;. Let f(£) and §(£) be two elements of .<7. Their product is an element of .¢%:

~

F®)2() =f-8(%) € . (4.10)

After reordering this element can be expanded in the chosen basis and mapped to
the algebra of commuting variables .7,

fr8(®) — frg(x) € . (4.11)

Its image is labeled as f % g(x) and it defines the star product (x-product) of two
functions. This product is bilinear and associative but noncommutative. The algebra
of noncommuting coordinates <% is then isomorphic to the algebra of commuting
variables with the x-product (instead of the usual pointwise multiplication) as mul-
tiplication, which was labeled as <7 in the previous chapters. As we have seen in
the previous chapters the x-product for the 0-deformed space is given by the Moyal
*-product [20, 21]

frg(x) = p (27 pg) (4.12)

oo l n 1
= (2> ;Gplal e GP”G" (apl . ap”f(x))
n=0 :
(9o, ---05,8(%))
with the pointwise multiplication (
u(feg) =r-g (4.13)
Once again we remind the reader that the deformation parameter 4 is absorbed in

0r°.

Derivatives

Derivatives can be introduced as maps of the noncommutative space ; to itself.!
They are a deformation of the usual derivatives and one can make the following
ansatz:

! The approach followed in this and in the next chapter is different than the one followed in (1.29).
Nevertheless, in the case of 6-deformed space both approaches give the same result. For more
complicated deformations of the commutative spacetime this will no longer be the case, see the
next chapter.
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[0p,£H] = 85 + f5 (,0). (4.14)

Here f,f (9, 0) is an operator on the algebra ;. We suppose that it is a function

only of the operators ép and the deformation parameter 8*" and not a function of
coordinates £#. Furthermore, o
[dp,ds] =0, (4.15)

that is, derivatives commute among themselves.
Since the derivatives dj, are maps of the 8-deformed space into itself the relation
(4.14) has to be consistent with (4.4)

Ip (R4, 2] —i0*) =
([#%,2Y] — i6V)d, =0. (4.16)

That is, commuting derivative through coordinates does not lead to new commuta-
tion relations between coordinates. We calculate

DpiH 2" = ([0p, 2] + 202"
= (85 + 15 (9,0))2" + (] )
= (85 + £5(0,0))" +2(8y + £} (0, 0) +£"dp),
DpRVFH = ...
= (8 +£5(9,0))2 +2" (8 + 159, 0) +#0p),
and . .
"Y' =061V0,.
Adding these three terms together we see that
Op ([#*,2¥] —iOHV) = ([&#,2¥] —i0"V)dp =0 4.17)
is fulfilled for f/f (9,6) = 0. Therefore,
[0p, 7] = 8. (4.18)

There are no additional terms in (4.18). This is due to the fact that the right-hand side
of (4.4) is constant. In the next chapter we study the k-deformed space which is an
example for a Lie algebra deformation. There it is not possible to set f5 (d, k) =0
and additional terms arise.

In order to represent the derivative 9,, on o7 we use the following scheme:

f&
;9,[

) ——— f(x)
I 4.19)
Quf)(®) —— (Faf)(x).
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First, the elements f(£) and (éu £)(%) are mapped to <7* by using the PBW prop-
erty. Then comparing the images f(x) and (dj;f)(x) the form of the operator dj; is

deduced. In the case of 6-deformed space the representation of ép on o/ is given
by the usual partial derivative

dp > 95 = 0. (4.20)
This derivative has the undeformed Leibniz rule
(95(£%2)) =9p(fx8) = (95f) g+ £+ (9p2)
= (Opf) *g+ f*(dpg). 4.21)

Integral
To be able to write down actions we have to introduce an integral on this space.

One can check that the usual integral on the commutative space is cyclic,? that is, it
fulfills

/d4xf*g:/d4xg*f:/d4xf-g. (4.22)

Note that from now on we work in four dimensions. However, all the results in this
chapter can be generalized to higher dimensions as well. From (4.22) it follows

/d4x (fixfox..xfi) = /d4x (fixfix .. % fie1), (4.23)
that is, cyclic permutations under the integral are allowed. This is important if we
want to define the variational principle which is used to derive equations of motion,

see Chap. 1. We use the usual Leibniz rule for the functional variation and then use
cyclicity (4.23) to omit one x and extract the result. For example,

5§ [ o 5
75g(y)/d X fxgxh = /d x fx <5g(y)g>*h
= /d4xf*5(4)(y—x)*h
= /d4x 8W(y—x)*(hxf)
= /d4x SW(y—x)(hxf)=hxf(y).  (424)

Here 8 (y — x) is the usual four-dimensional commutative Dirac delta function.

2 Note that (4.22) is fulfilled if suitable boundary conditions at infinity are chosen.
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4.3 Twisted gauge theory

A non-abelian gauge group is generated by the hermitian generators 7 that fulfill
[T T = ifT¢, a=1,...,n, (4.25)

where f°¢ are structure constants of the group and a sum over repeated indices is
understood. From the Jacobi identities

(79, (7%, T€]] + [T°,[T¢,T)] + [T¢,[T*,T"]] = 0, (4.26)

it follows that
fabCfdce +fﬂ€€fbdc +fdthbe€ — O (427)

The matter field y(x) is in a certain irreducible representation (fundamental for
example) of this group. Under the undeformed gauge transformations it transforms
as follows:

w(x) = v/ (x) = & y(x) = Us (x)p (), (4.28)
or infinitesimally

oW (x) =ia(x)Ty(x) = io(x)y(x). (4.29)

Note that the parameter of the above transformations is x-dependent, that is, trans-
formations are local. Transformations (4.29) close in the algebra

00,6 — 8300 = O_jjq - (4.30)
The Leibniz rule is given by
60 (9-y) = (8ad)- ¥+ 9 (5uy)
= io- ((139)-w+9-(Tgw)). (431)

where the generators T¢“ and Ty; are generators of the Lie algebra in the appropriate
representation.

4.3.1 Gauge transformations

The deformed (twisted) gauge transformations [1, 2] were defined in Chap. 2 as
follows:
Spw =X, *xy=iXu*xT'y =iy, (4.32)

where the operator X* was introduced in Chap. 1 and is given by



60 Marija Dimitrijevi¢
1

oo . n
= (—;) —gPior PO

|
n=0 n:

(Dp, - 9p, 0 (%)) % o, - O (4.33)

e

The operators X* fulfill X; *Xg* = Xf* o 38 it was shown in Chap. 1. Therefore, we
conclude that this transformations close in the algebra (4.30)

Now we have to learn how to transform products of fields. We start with defining
the transformation law of x-product of two fields as in the commutative case

On(p*y) = iX;,L*{qu)*l//qu)*Tu‘ﬁy/}
= io" ATy~ y+ ¢ xTyy}. (4.35)

In the last line the definition of X/}, given in (4.33) was used.
If we now take the usual Leibniz rule (4.31) and just insert x-products everywhere
we obtain

On(dxy) = (850) ¥+ *(S5v)
= i(0“TJ) W +ig* (0T y). (4.36)

Clearly, the right-hand sides of (4.35) and (4.36) are not equal because the x-product
(4.12) is not commutative. Therefore, we formulate our deformed Leibniz rule in the
following way:

O5(@*xw) = (650)*w+ o (8;w)+ additional terms. (4.37)

These additional terms are found by comparing the right-hand sides of the demanded
transformation law (4.35) and (4.37). Expanding the x-products up to first order in
the deformation parameter 6 and arranging terms leads to

additional terms = %GPG(X“ ((T;ap¢) (doy) +po- (leagl//)) +0(6%)
i * *
= =507 ((83,09)* (3o w) + (9p0) % (85,4¥) ) + 6(62),
which gives the following Leibniz rule:

50w w) = (850) kv 0% (84y) (4.38)
—56°% ((85,09) % (Do) +(30) (83,4 ) ) + 0(67).

One can continue like this to second and higher orders, see Chap. 1 for details. The
full result for the deformed Leibniz rule is finally
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i

= 1 n
805 ) = (8:0)xy+0%(8,%)+ 3 - (—2) 67O oM (4.39)
n=1""

(89, 20, @9) % (Do -0, W) + (3 - 5p,0) * (82, 35, a¥))

Using the Hopf algebra language, this deformed Leibniz rule comes from the
deformed coproduct of &}, transformations. The deformed coproduct is obtained by
applying the twist operator on the undeformed Hopf algebra of gauge transforma-
tions 8. In that way the algebra itself remains unchanged, but the comultiplication
(which leads to the Leibniz rule) changes. The Hopf algebra techniques are dis-
cussed in Chap. 2 and will also be subjects of Chaps. 7 and 8 so we do not go into
details here.

4.3.2 Field strength tensor

Having found the Leibniz rule for &} transformations, we proceed like in the com-
mutative case. First, covariant derivative is introduced as

Dpy = duy —iAyxv,
85 (D) = iXpux T (DY) = ic(Dly), (4.40)

where A, is the noncommutative gauge field. Using (4.39) when explicitly calculat-
ing (4.40) gives

OpAu = duor+iXya* [T, Ayl
= dyo+ifa, Ayl (4.41)
From this transformation law it follows that A, can be taken to be Lie algebra val-

ued, Ay = A} T
However, introducing the field strength tensor Fj,y as

Fuyxy = i[DIZ :(DT/]W (4.42)
gives

Fuy = duAy — Ay —i[Au TAV,
OpFuv = iXgax [T, Fyy] = iot, Fuy]. (4.43)

If we assume that A, = Aﬁ T, thatis, Ay is Lie algebra valued, for F};, we obtain

1

Fuw = Fi T4 Bl (T ") = i + By,
1 abe 40

iy = duAS — A, + Efa AT AVY

Fi), = —ilAG ¥ AY), (4.44)
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where {T“,T"} = T“T? + T°T“ and {A}, ¥ Ay} = A} A, + A\, x A}, The anticom-
mutator of generators {7, T"} is not Lie algebra valued in general. In the special
case of U(N) gauge group one can express the anticommutator {7, 7%} in the gen-
erators T only (no products of generators) [3]. In the case of SU(N) groups this is
not possible. Still, we are interested in SU(N) gauge theories because of their im-
portance for the formulation of the standard model. Therefore, Fy;, (4.44) will not
be Lie algebra valued because of the term Fayy = Fsip, 3 {7, T"}. The good news
is that both F1y and Fyy transform covariantly

53171”‘, = iXgax [T, Fiuv] = ila, Fiuy),
5éF2uv = iX&a*[Ta,quv] = i[OC,quV]. (4.45)

If we want to stay in the Lie algebra we could take just Fl’lﬂv part of the full Fy,
and formulate the action with it only. Note that Fj, also has the good classical limit,
when 6 — 0 it reduces to the commutative Fy;,. One can also include matter fields
and formulate “gauge + matter” action, derive equations of motion, analyze their
solutions, and so on. Unfortunately, some problems arise in this procedure. To see
clearly what is causing them we now analyze only the gauge part of the action.

4.3.3 Equations of motion

Let us write the action for the gauge field as
1
Sowee = — 5 / d*x Ffly, +F", (4.46)
that is, taking only the Lie algebra-valued part of the full F,,. Using the variational
principle (4.24) gives

08 e a1 )
S = uF{P 4 S f AL S FPCY =, (4.47)
p

From the antisymmetry of Fy,, it follows that dpdy FHP “ =0 and this leads to
1
9 (2 fefAl tFI””C}) =dpJP =0, (4.48)

where the conserved current is defined as JP¢ = § £ {A%, + F{'"“} However, when
we check its conservation explicitly using the equations of motion (4.47) we obtain
RSP = ...
1 .
=2 (10 Al < F{0 g (4.49)

+fabdfbthlupc*Ag *AZ +fabhfbchg *AZ *Flup c) £0.
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The final result was obtained by using the Jacobi identity (4.27). This tells us that
JP? is not conserved on the equations of motion, that is, equations (4.47) are not
consistent. This signalizes that we are doing something wrong. It comes out that the
problem arose when we took only the Lie algebra-valued part of F,, and not the
full Fyy.

Let us now take the full Fy;, (4.43) and assume that A, and Fyy are n x n matrix
valued where 7 is the dimension of the Lie algebra representation. We obtain

S

gauge

1
- —Z/d4x Tr(Fyuy x F*Y)

1 \%
- / &% (Fuy) a5 (F* )on, (4.50)

where in the last line matrix indices A and B are written explicitly. The equations of
motion are given by

S uee
0(Ap)as

= (uF*P) —i([Ay 5 FHP]) =0. (4.51)

Again, using the antisymmetry of F},,, we obtain
9 (i[Ay ¥ F*P]) = 9pJ? = 0. (4.52)

This time the conserved current is defined as JP = i[A, ¥ F*P], compare with
Chap. 2, Sect. 2.4. The result (4.52) can be checked explicitly by using the equations
of motion (4.51) and the Jacobi identity. After differentiation,

é9l) [11“1 ‘t 1:1l1 p ] == [69;)1/\ u t I:‘Illj ] '+_ [1“ u j; 69’) 151,1 p ] 5 (‘1 .fs:s )
we antisymmetrize dpA, because Fyp is antisymmetric in y and p. Then we use

i i
EFPu + 5 [Ap T Ay (4.54)

1
E(apAu - auAp) = )

and insert it into (4.53). The commutator [F#P % Fy,,] vanishes and only 4 [[A, ¥ Ay]
FHP] remains from the first term in (4.53). For the second term in (4.53) we use the
equations of motion (4.51). Finally, all terms that are left add up to zero if we use
the Jacobi identity, so JP is conserved on the equations of motion.

To conclude, the consistency of equations of motion forces us to take Fyy in the
form (4.43), that is non-Lie algebra valued. Then there is no reason to assume that
Ay, itself is Lie algebra valued. The consistent equations of motion follow if A, and
Fyy are taken to be n X n matrix valued in the n-dimensional representation of the
Lie algebra. But we can also take the gauge field A, to be enveloping algebra valued

1
Ay :AZT“—FAZI’E{T“,TZ’}—FM. (4.55)
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Then the field strength tensor £,y (4.43) is also enveloping algebra valued and from
the equations of motion (4.51) it follows that A, and Fy;, will remain enveloping
algebra valued.

Looking at (4.55) we see that in this way we are introducing extra degrees of
freedom via fields Aflb , .... In general, there will be infinitely many new fields,
these need a physical interpretation. A possible solution might be to generate large
masses for these fields via some form of Higgs mechanism. In this way they become
unobservable for today’s experiments. Nevertheless this still remains an open ques-
tion and needs to be analyzed in future. Let us mention that the special example of
SU(2) gauge transformations in the two-dimensional representation was discussed
in [1, 2]. There it was shown that in order to have consistent equations of motion one
has to enlarge SU(2) by adding only one new abelian field, that is, to replace SU(2)
by U(2). This will be also true for other SU(N) gauge groups in the N-dimensional
representation. It is enough to enlarge the gauge group from SU(N) to U(N) since
for U(N) in the N-dimensional representation the x-commutator | ¥ | closes in the
algebra.

Another important result is (4.52). Almost for free we got a conserved current
for the deformed symmetry. Note that in the case of deformed symmetry one cannot
apply the usual Noether’s theorem to derive conserved quantities. Some work in
this context is done in [22-24], but this problem still remains a subject of further
research.

4.4 Seiberg—Witten gauge theory

In this section we describe a different approach to gauge theories on deformed
spaces. The infinitesimal noncommutative gauge transformations are now defined
as [3-5]

OV w(x) =iA xy(x), (4.56)

where A is the noncommutative gauge parameter and y is the noncommutative
matter field. Note that A = A (x) is a function and not a differential operator like in
(4.32). Before proceeding to the standard construction of a covariant derivative one
should check if these transformations close in the algebra (4.30). If the noncommu-
tative gauge parameter A is supposed to be Lie algebra valued A (x) = A%(x)T? an
explicit calculation gives

(8R/8% = SER)Y = (A1 —AawAn)+y
1

= 5 (1A £ ST TP} +{AT £ ADY T, T7)) ey (457)

Note that now SZW has the undeformed Leibniz rule

O (¢ x ) = (83"9) x W+ 9% (63" ).
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The left-hand side of (4.57) in general does not close in the Lie algebra because
of the first term in the last line. Namely, an anticommutator of two generators is in
general no longer in the Lie algebra of generators. There are two ways of solving
this problem. One is to consider only U (N) gauge theories (and with some difficulty
SO(N) and Sp(N) gauge theories [7, 8]) since then the anticommutator of genera-
tors is still in the Lie algebra of generators. This is the approach taken in [3] where
the Seiberg—Witten map was constructed for the first time. It enables the study of
non-expanded (in orders of the deformation parameter) noncommutative field theo-
ries. Actions describing these field theories look the same as the actions describing
corresponding undeformed theories, except that instead of the usual pointwise mul-
tiplication, the Moyal *-product (4.12) is used to multiply fields. Quantization of
the non-expanded theories leads to the mixing of ultraviolet (UV) and infrared (IR)
divergences which is known in the literature as UV/IR mixing [25, 26]. However,
there are other approaches which give different results. For example, a more careful
treatment of the time ordering and the perturbation theory results in an UV finite
S-matrix and no UV/IR mixing occurs, see [27, 28] and references therein. Yet an-
other approach is used in [29, 30]. There an additional term is added to the action
for ¢* scalar field theory on the -deformed space. The new term is nonlocal and
it explicitly breaks the translational invariance; however, it renders the new action
renormalizable to all orders.

The non-expanded NC field theories we will not consider here. Still, it is inter-
esting to make a few more remarks before we proceed further.

In [31] a noncommutative quantum electrodynamics was discussed by using a
non-expanded approach. The same action as the action (4.50) in the case of U(1)
gauge theory was introduced and some quantum properties, explicitly UV/IR mix-
ing, were discussed. Note that these actions although they look the same are invari-
ant under different symmetry. The action (4.50) is invariant under twisted gauge
transformations, while the action discussed in [31] is invariant under (4.56) trans-
formations. Also note that Ay in the approach of [31] is just the commutative
U(1) gauge field. Some non-perturbative solutions of equations of motion for non-
expanded noncommutative gauge theories were studied in [32-34]. The equations
of motion have the same form as (4.51) but are covariant with respect to (4.56) trans-
formations, while (4.51) are covariant with respect to twisted gauge transformations
so the interpretation is different.

The approach we will follow here is the enveloping algebra approach [4, 5].
Namely, the enveloping algebra is big enough and the transformations (4.56) will
close in it.

4.4.1 Enveloping algebra approach

To start with, we define the basis in the enveloping algebra (we choose symmetric
ordering)
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1
TTY ;= E(T“Tb—i-TbT“),

cpe g = (rol@) oty

|
l [oS\Y]

The gauge parameter A is enveloping algebra valued

ZZAIQI a, ST T

—() basis

:AO“(x) DT AR () AT (4.58)

In this case (4.57) closes since we work in the enveloping algebra. Now one defines
a covariant derivative

LW () = duy(x) —iVy* y(x), (4.59)

where V), is a noncommutative gauge field. The transformation law of the covariant
derivative is given by
0)" (Dy(x)) = iAxDjy(x). (4.60)

Then the transformation law for the noncommutative gauge field follows from (4.60)
O Vi = duA +i[A TV,]. 4.61)

From here it is obvious that the gauge field V), has to be enveloping algebra as well

VM_EZV“” LT LT

—=() basis

It looks as if we obtained a theory with infinitely many degrees of freedom. For-
tunately there is a solution to this problem and it is given in terms of the Seiberg—
Witten (SW) map [3] .

4.4.2 Seiberg—Witten map

The basic idea behind this map is to suppose that all higher order degrees of freedom
depend only on the degrees of freedom present at zeroth order, the Lie algebra-
valued gauge parameter A°“T¢ and the Lie algebra-valued gauge field VS“T“. It
such a reduction of degrees of freedom is possible, it means that the gauge theory on
a NC space can be related to and is determined entirely by the gauge field theory on
commutative space. Especially, the number of degrees of freedom of the NC gauge
theory and the gauge theory on commutative space would be equal in this case.
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Studying the cohomology of the enveloping algebra-valued gauge theory one can
show that this reduction is indeed possible [6]. Here we perform explicit calculations
up to first order in the deformation parameter 6 and do not go into details concerning
the existence of such a construction to all orders in 6.

Let us suppose that the noncommutative gauge parameter A depends on the com-
mutative gauge parameter o = 0“7 and the commutative gauge field Ay, = A} T
and their derivatives, that is,

A=Ag=Ag(x;00,AY). (4.62)

Then the gauge transformation 03" can be related to the commutative gauge trans-
formation &, of the expanded A, (4.58). Therefore, we have

S =6 =8, (4.63)

where the last definition is introduced in order to avoid the double index notation.
One should notice that 6,Ag # 0 because Ag depends on the commutative gauge
field Ay, as well and

Oy = duo—i[Ay, o (4.64)

Inserting Ag = Ag(x;00,Ay) into (4.57) gives
1(5&‘”/\[3 - BWAO() * Y+ (Aa *Aﬁ — Aﬁ *Aa) * Y = iA—i[a.ﬁ] * Y. (4.65)
Since this has to be valid for any matter field y, we obtain
AaxAg —Apx Ao +1(85"Ap — 65" Ag) = 537[&’[3]. (4.66)

Equation (4.66) can be solved perturbatively. Therefore, one has to expand the
x-product and also expand A,, in orders of the deformation parameter’ 6 as

Ag=AQ+ AL+ AL+ (4.67)

Here Ag is of the zeroth order in 0, A& is of the first order in 0, and so on. In the
zeroth order the noncommutative gauge parameter is just the gauge parameter of the
undeformed (commutative) gauge theory, Ag = o = a*T*. Then Aé is the solution
of the inhomogeneous equation

85 Ag — 83 Ag — ilo Agl —ilAg, B] = ALy g
1
= 756‘”{8#0:,8\,[3}. (4.68)

The solution, up to first order in 0, is given by

1
Ao = 00— 104" {A4y,0,01). (4.69)

3 Note that this expansion is different than the one in (4.58). This difference is clearly visible in the
solutions for the second and higher orders of the expansion (4.67), see [35] for details and Sect.
5.5 for an explicit example.
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Note that this solution is not unique, one can always add solutions of the homoge-
neous equation

85 Ag — 85" A — il Agl —i[Ag, Bl — ALy gy =0 (4.70)

to it, see for example [4, 5]. One can add cAOlC"‘"“ to the solution (4.69), but since the
nonuniqueness of Seiberg—Witten map is not our main topic here, we choose ¢ = 0.
The same (omitting the solutions of the homogeneous equations) we do in the rest
of this chapter. Detailed analysis of nonuniqueness of Seiberg—Witten map can be
found in [35].

Now one can solve the SW map for the matter field y using (4.56) and (4.69).
Matter field is also expanded in orders of the deformation parameter 6 as y = y° +
y!' + .- and y? is the matter field in the undeformed gauge theory with §,y° =
iay?. Inserting this into (4.56) leads to equations for y' and higher order terms
which can be solved. The equation for y' reads

1
5al[/1 = iocl//] + i/\él{/o — Eepg(apa)(&cwo)~ (4.71)

Using the solution for the noncommutative gauge parameter (4.69) we find (up to
first order in 6 again)

| .
v =y = 0" ALy + éG“V[Au,AV]WO. 4.72)

In the same way the gauge field V}; is expanded in orders of the deformation
parameter 0 as

_ . lay..a; . pa aj .
V=YDV e T
1=0) basis

= VT V™ TP (4.73)

Inserting these expansions into the transformation law (4.61) the following equa-
tions are obtained

0°: 8,V = dua+ila, VY], (4.74)
0': 8,V = A +ila, V] +ilA" V)]
+ila s VI (4.75)

The commutator [o ' Vm =i0P G(apa)(é?cvg) stands for the first order in 6 of
the full x-commutator [of % Vuo]. The zeroth-order equation is consistent with the

assumption that V,{ is the commutative gauge field V) = A, = A§T“. Using the
solution for Ay, (4.69), the first-order solution of (4.75) is given by

1
Vy = 707 ({(Fow Aot — {45, 9Ay}) (4.76)
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That this is really a solution of (4.75) one can check explicitly by using the transfor-
mation law (4.64). Finally, the solution for the noncommutative gauge field V,; up
to first order in O reads

1
v, :Ap+16'”({Fup,Av}—{Aﬂ,avA,,}). 4.77)
The field strength tensor Fy;, is calculated from
Fy, = i[D}, s D}]

uv

1
= FW+ZGP" (2{Fpu:Fov} +{DpFuv,Ac}t —{Ap,dsFuv}). (4.78)

In solutions (4.76), (4.77), and (4.78) Fyy = dyAy — dvAu —i[Ay,Ay] is the com-
mutative field strength tensor and its covariant derivative is given by DpFyy =
OpFuv —i[Ap, Fuv].

With the solutions of the SW map (4.69), (4.72), (4.77), and (4.78) we have
enough information to write down the action for the Seiberg—Witten gauge theory.
As an example, the action for spinor matter field is given by

S= / dbx i (iy“ Dy — my) — % / ExTr (FFUVSFL) . (479)

This action can be expanded in orders of the deformation parameter and analyzed
perturbatively. One sees that no new fields appear (unlike in the “twisted”” approach),
but only new interactions and the deformation parameter enters as a coupling con-
stant. Using this approach a formulation of a NC standard model has been done
in [9, 10]. Then, since new interactions appear, some of the processes that are for-
bidden in the commutative standard model become allowed and can be analyzed
[11, 12]. Also, renormalization of these theories has been discussed, see [36-39]
and references therein.

Finally, let us remark that in the noncommutative case (where partial deriva-
tives are frequently given by the commutator with coordinates) besides covariant
derivatives one has the concept of covariant coordinates [40]. Using the Kontsevich
formality maps [41] in order to construct covariant coordinates, the SW map to all
orders for an arbitrary Poisson manifold was constructed for the NC gauge theories
in [42, 43].

4.5 Comments

We presented two ways of introducing gauge theories on deformed spaces. Seiberg—
Witten approach enables us to analyze some properties of gauge theories on NC
spaces in a perturbative way, starting from the commutative gauge theory in the ze-
roth order. Unlike the “twisted” approach, it does not lead to new fields, but only
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to new interactions. On the other hand, in the “twisted” approach we know how to
formulate deformed gauge symmetry in a well-defined mathematical language, that
is, in terms of Hopf algebras. This tells us that we have really changed the commu-
tative gauge symmetry in a well-defined way. To summarize we write explicitly the
Hopf algebras of both “twisted” and Seiberg—Witten gauge transformations:

Twisted gauge transformations
5;65 - 555; = 5i1[a,ma Spw=iay, (4.80)
A8} = ¢ 29709 (5r 01+ 1@ §5)er 0 4.81)
= 5 1418 — 207 (850) @ o + 3 © 85, )) 4
e(8;) =0, S(8;)=-055. (4.82)

Seiberg—Witten gauge transformations

850" — 05" 65" = 05 gy Oo W =iAaxy, (4.83)
A8 =6 @ 1+1®68,", (4.84)
e(8Y) =0, S(63)=-86". (4.85)

We see that in the case of Seiberg—Witten gauge transformations, the Hopf al-
gebra is the same as in the case of undeformed gauge transformations, but the way
fields transform is different. In the case of “twisted” gauge transformations the de-
formation is present in the coalgebra sector, namely in the deformed coproduct. This
deformation then allows the introduction of a tensor calculus and the construction of
gauge-invariant actions. An attempt to relate these two approaches is done in [44],
but the connection between them still remains to be fully understood. The question
which of them (if any) is more applicable to our real world also remains open and a
subject of further research.
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Chapter 5

Another Example of Noncommutative Spaces:
k-Deformed Space

Marija Dimitrijevié

In this chapter we discuss another type of noncommutative space, the x-deformed
space. It is an example of Lie algebra type of deformation of the usual commutative
space. In the first part derivatives and the symmetry of this space are discussed.
We start with the abstract algebra of operators and using the *-product approach
represent everything on the space of commuting coordinates. In the second part we
describe how to construct noncommutative gauge theory on this space using the
Seiberg—Witten approach.

5.1 Introduction

Gauge and gravity theories on noncommutative spaces were subject of previous
chapters. Although only the 6-deformed (canonically deformed) space was dis-
cussed, the analysis was general enough so that it could be applied to other types of
noncommutative spaces. In this chapter we want to consider a Lie algebra type of
deformation, the K-Minkowski space. We follow the outlined approach when repre-
senting the algebra of noncommuting coordinates and operators acting on it on the
space of commuting coordinates. However, note that the deformed Poincaré algebra
which we consider here does not follow from a twist. More details about twists and
Hopf algebras will be given in the second part of the book, see Chaps. 7 and 8.
Historically, the x-Minkowski space was first obtained in [1, 2] contracting the
g-anti-de Sitter Hopf algebra SO,(3,2). The k-Poincaré algebra was introduced in
[3] as a dual symmetry structure to the x-Poincaré group. Then the x-Minkowski
space is introduced as a module of this algebra. One of the reasons why the k-
Minkowski space has been studied in last years is that there is a quantum group
symmetry acting on it. It has been believed until recently that a quantum group sym-
metry for the 0-deformed space does not exist (it was shown in [4-6] that that is not
the case, however; see also Chap. 7, Sect. 7.7). Therefore, the xk-Minkowski space
has been considered to be one of the simplest examples of possible deformations of

Dimitrijevié, M.: Another Example of Noncommutative Spaces: K-Deformed Space. Lect. Notes Phys. 774, 73-85
(2009)
DOI 10.1007/978-3-540-89793-4_5 (© Springer-Verlag Berlin Heidelberg 2009
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the usual Minkowski space with a deformed symmetry (quantum group symmetry)
acting on it. It is the so-called x-Poincaré group. This space plays also an important
role in the Doubly Special Relativity (DSR) theories [7-9]. These theories are intro-
duced as a possible generalization of the Special Relativity. They are characterized
by two invariants, the speed of light in vacuum ¢ and the minimal length, Planck
length /p. For reviews on DSR see [10, 11].

We start from an abstract algebra of noncommuting coordinates. Then deriva-
tives and Lorentz generators are introduced as operators which map this algebra to
itself. By using the x-product approach the abstract noncommutative space and the
operators acting on it are mapped to the space of commuting coordinates. Finally,
non-abelian gauge theories are formulated following the Seiberg—Witten approach
as introduced in the previous chapter.

5.2 k-deformed space

The x-deformed space is a special example of the Lie algebra type of deformation.
It is the abstract algebra <% generated by coordinates £# which fulfill

[#12V] = iCh %P, (5.1)

where
CgV:a((s#apv_a,yag), u=0,...n (5.2)

The constant deformation vector a” of length a points in the n-th space-like di-
rection, a" = a. The parameter a is related to the frequently used parameter K as
a = 1/x. Written more explicitly (5.1) reads

&) =iat!, [#%)=0; k1=0,1,...,n—1. (5.3)

Latin indices denote the undeformed dimensions, n denotes the deformed dimension
(deformed in the sense that £ does not commute with the other coordinates), and
Greek indices refer to all n+ 1 dimensions. Note that in the x-Minkowski space
of [1, 2, 12] time direction is noncommutative, while here we choose one space
direction to be noncommutative.

As in the previous chapter derivatives are introduced as maps on the deformed
coordinate space [13, 14]

0 : o — .

Such a map in particular has to map the ideal generated by the commutation relations
of coordinates (5.2) into itself, that is,

Jp ([}2”,)2"} —invik) - ([}2”,)2"} —in{Vﬂ”) Jp =0. (5.4)
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If this is the case we say that the map 0 respects the commutation relations (5.2) or
is consistent with them.

To find a suitable map we use the same technique as in the previous chapter. We
make a general ansatz for the commutator of a derivative with a coordinate:

[0, Y] = &Y + ZA[/’] POy . Op,. (5.5)
J

We mention again that [gu,év] = 0 in our approach. The coefficient functions
A;pl"'pj are constant and vanish in the commutative limit, ¢ — 0. Requiring con-
sistency of (5.5) with the commutation relations of the deformed space, that is, cal-
culating explicitly (5.4) using (5.5), leads to conditions on the coefficients A:lp P
In general a solution for those conditions is not unique.

In the previous chapter we saw that in the case of the 0-deformed space the
commutation relation

[0, 2] = &) (5.6)

is compatible with the commutation relations [£#,%V] = iO"".

For the x-deformed space there exist several sets of differential calculi which
are all equivalent. Higher dimensional differential calculus is introduced in [15] and
some of its application to field theory is discussed in [16, 17]. However, we do not
wish to follow that approach here. Instead we continue with the analysis of (5.5).
Requiring that the right-hand side of (5.5) is at most linear in the derivatives gives
as one possible solution [18-20]

[0, 4] = 6~
[0, %] = 84 — ian*"9;, (5.7)
with n*V = diag(+,—,...,—).

In the same way one can introduce Lorentz generators M"Y acting on the
k-deformed space. Requiring the consistency with (5.3), that is,

MPO ([ 2] — icg%e’t) -
([, 5] — invfk)Mp" ~0 (5.8)
gives
(MY 3] = g — R,
(M7 4] = g — MR 4 M (5.9)

We see that M/ commute with coordinates as in the undeformed algebra,' while the
generators M"* have deformed commutation relations with coordinates. We do not

! This is to be expected since M/ are Lorentz generators in the undeformed directions.
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refer to M™ as boost generators, since 7 is not the time direction, M include both
boosts M and rotations M, b=1,....n—1.

Using the results obtained so far the x-deformed Poincaré Hopf algebra (for a
precise definition of Hopf algebras see Chaps. 7 and 8) can be written as
Algebra sector

[91179\/] =0,
[MY,0,) = 8§{d'— 8,0, [M™,0,]=0",
in A iemé”—l N IR
[MHY MPC] = nH*OMYP +nYPMHC —n*P MY — YO MHP. (5.10)

Coalgebra sector

Ay =0, ®1+1® 0,

Adj = 0@ 1+ @, 5.11)
AMT =MT @1+ 1M,
AM™ = M™ @1+ % @ M™ + iady @ M™. (5.12)

Counits and antipodes

£(0,) = £(d)) = e(M") = e(M™) =0, (5.13)
S(D) = —0p,  S(3;) = —dje 9%

S(MY) = —M",

S(M"’) = —Mi”e_iaé” —|—iaM"kc§ke_"”‘§’1 +ia(n— 1)9ie_i“9". (5.14)

We see that the algebra sector (5.10) is deformed as well as the coalgebra sector
(5.11), (5.12) leading to the deformed Leibniz rules for 914 and M*V. This basis is
called the bicrossproduct basis and was introduced for the first time in [12]. One
can find a basis in which the algebra sector is undeformed, but the coalgebra sec-
tor remains deformed [18-20] and we present some details of construction in the
following. In the classical limit, when the deformation parameter ¢ — 0 deformed
Hopf algebras always reduce to the classical Poncaré Hopf algebra.

Let us look for a set of derivatives Dy which fulfill the consistency conditions
(5.4) and have the following commutation relations with Lorentz generators

M"Y Dy =n",D" —n*,D". (5.15)
Expressed in terms of the derivatives 9“ (5.7) derivatives D“ read

~

N 1 i~ A A R " A
D, = ~sin(ad,) - %a’ de @ Py = deion, (5.16)
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also

(D, £"] = \/1+a2D D",

N

Dy, #] = iaD',
[ﬁjvin]

0,
D& = & (—iabn +4/1 +a2[)#f)”> : (5.17)

These derivatives are sometimes called Dirac derivatives in the literature and we
keep that notation here. It is obvious that the Dirac derivatives are not linear deriva-
tives, the right-hand side of (5.17) being a complicated function of ﬁp. These com-
plicated commutation relations lead to complicated Leibniz rules as well. Finally to
summarize, the xk-deformed Poincaré Hopf algebra which we will use from now on
is given by

Algebra sector

[Dp7ﬁ6] = Oa
(MM, Dy] = 8y D" — 8, DY,
[MMY MPO] = nHOMYP 4+ nYP MHC —nHPMYO — VO MHP, (5.18)

Coproducts

AMY =MT@1+10MY,

‘ , iaD, +/1+a2D,D*
AMm:Mm®1+ ®M1n

1 —I—aZDIDI
iaDk . A 2 A A ik
“Fﬁ laDn+ 1+a DﬂD'u ®M s
1+a2D;D!
o X — iaDy +\/1+a2D D"
AD, =D, ® <iaDn+\/1+a2DuD#> + ®D,

1+02D1Dl
D . - .
tia——r <iaDn+ 1+a2DuD“> ® DK,
1+a2D,D!
ADj:Dj®(—iaDn+\/1+a2DuD#>+1®Dj. (5.19)

Counits and antipodes

e(M7) =0, S(M7) = —M",
E(Mi") =0, S(Mi”) = —Mi"e_iaén + iaMikéke_iaé” +ia(n— l)éie_iaén,

) ) ) __iaD,+\/1+a*D,D~
gD, =0,  S(D,)=—-D,+iaD D

1+ QZDZDZ

)
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R R _iaDy +/1+a*D,DH
E(Dj) = 0, S(8j) = fi . (520)

a 1+ (12D1D1

One sees from (5.18) that the algebra sector is undeformed (as it has been required),
but the coalgebra sector (5.19) is deformed for both M"Y and Dp generators. To
be more precise, there is no deformation for the generators M", because they are
Lorentz generators for the undeformed dimensions. Since the commutation rela-
tions (5.18) between the generators 15“ and M*V are undeformed, the representation
content of the noncommutative field theory will be exactly the same as for its com-
mutative correspondent. Note that that is not the case in the bicrossproduct basis
since the commutation relations (5.10) between generators are deformed. For this
reason the Dirac derivative (5.15)—(5.17) plays a special role in our approach.

5.3 Star product approach

So far we have worked in terms of the abstract algebra ;. To have a physical theory
which makes predictions that can be checked by experiments we have to represent
the abstract algebra on the space of commuting coordinates. This can be achieved by
using the methods of deformation quantization, see Chap. 1. This method allows us
to describe the properties of a noncommutative space in a perturbative way, order by
order in the deformation parameter. In the zeroth order the commutative spacetime
is obtained. In that way a new product is introduced. It is called a x-product and it
is a deformation of the usual pointwise product.

Using the Poincaré—Birkhoff—Witt property [21] which was discussed in Chaps. 1
and 4, in the case of x-deformed space we obtain the following expression for the
symmetrically ordered x-product

. an i 1 _ —iat)zn
fxg(x) = limexp (x@zj (ae—mayn -e 7 1)

Yo 7 1 — eiiaan
. an 1— e*iaayn
+x/9,; <8yn = 1)) f(2)ey)
_ [ v 2
= F(0800) + ACL () ug) 4+ 5:21)

In zeroth order (5.21) is the same as the usual, commutative product and is a de-
formation of it. How this *-product arises in the twist formalism is discussed in
[22, 23].

An operator O acting on o/, can be represented by a differential operator O*
acting on .<7;" which is now the algebra of commuting coordinates with the x-product
(5.21) instead of the usual pointwise multiplication:
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— f(x)
lo* (5.22)
—— (07f)(x).

In the previous chapter we used this method to find the %-representation of the
derivatives dy, acting on the 6-deformed space and we obtained

3 = . (5.23)

In the case of x-deformed space the situation is more complicated. The *-
representation of the Dirac derivatives introduced in (5.16) and their Leibniz rules
read:

i) = ( Ssintad) ~ B 1550 i),
e—la&,,_
Dif) = S (), (524
DL/ (0)x8(x)) = (D3 (x)) (e ()
(e () # (D}g() (5.25)

~ia (D5 (x)) (DT g(o).

D} (f(x)xg(x)) = (D} f(x))* (e “%g(x))
+/(x) x (Dig(x)). (5.26)

The *-representation of the Lorentz generators M*V (5.9) can be obtained in this
way as well [18-20].

5.4 Gauge theory on the x-deformed space

In this section we introduce gauge theories on the x-deformed space using the
Seiberg—Witten approach [24, 25] which was discussed in the previous chapter.
Let us introduce the infinitesimal noncommutative gauge transformation as

My =iA x y(x), (5.27)

where A is the noncommutative gauge parameter and y is the noncommutative
matter field.

Following the Seiberg—Witten idea we suppose that the noncommutative gauge
parameter can be expressed as a function of the commutative gauge parameter o =
o“(x)T* and the commutative gauge field A, = A[ T, where T are generators of
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the Lie algebra of the gauge group. That is, we consider

A=Ag=Ag(x;00,AY). (5.28)
Then one uses the algebra relations?

O — O = 8% g (5.29)

to calculate explicitly this functional dependence. Inserting Ay = Ag(x;00,Ay) in
(5.29) gives?

(AaxAp = Ap*Aq)* Y +i(85"Ap — 85" Ag) x y = 6%, g V. (5.30)

The equation (5.30) can be solved perturbatively. For that one has to expand the -
product. Since we are interested in the gauge theories on the x-deformed space we
use (5.21) and expand Ay as

Ag=0a+aA,+--+dAk + ... (5.31)

Up to first order in the deformation parameter a the solution of (5.30) is
1
Ag =0 — Zx’tcgjv{Au,avcx}. (5.32)

Note that Ay is not Lie algebra valued. As in the case of the 6-deformed space the
solution (5.32) is not unique, one can always add to it solutions of the homogeneous
equation. Again, we do not discuss the nonuniqueness of the Seiberg—Witten map
here. A more interested reader can find details in [26]. Using (5.27) and the solution
for gauge parameter (5.32) one finds solution for the noncommutative matter field

as well

0

1 i
y =y = ALy O) + o O A ALY, (5.33)

8
where y? is the commutative matter field, 8,y = iccy? .

If one compares x-products for the 6-deformed space (Moyal x-product) and
for the x-deformed space (5.21) one sees that up to first order in the deformation
parameter they are of the same form (just replace 6" with Cﬁf ¥x*). Therefore it
is not surprising that the solutions for A, and y in the 6-deformed space can be
obtained from (5.32) and (5.33) by replacing Cf Yx* with @V (and the other way
around). However this analogy only applies in first order, in second order new terms
will appear in the case of x-deformed space compared to the 6-deformed space.

2 Remember that because of (5.28) we can write oV = Sf\‘;’ instead of 83", see Section 4.4 for
details.

3 One should remember that now 0y Ap # 0 because Ag depends on the commutative gauge field
Ay as well and Ay = dyor —i[Ay, o]
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5.5 Gauge fields

In order to solve the Seiberg—Witten map for the gauge field V,, one first has to
choose d; derivatives. In the 6-deformed space dj; = d, is the most natural choice.
In the K-deformed space there are more possibilities. We choose Dj; derivatives

because of their vector-like transformation law (5.15). The covariant derivative® is
introduced as 7y = D}y — iV, x y. Under infinitesimal gauge transformations it
transforms as follows

5;W(9ﬁ V) = iAg *9;*1 V. (5.34)
Then from (5.34) we obtain
(06" Vi) *y = D (Aax y) — A x (DL y) +i[Ag s Vil *
#* (D;Aa) *W+i[Ag s V] xy.

The last line follows from the nontrivial Leibniz rules for Dl’j derivatives (5.25) and
(5.26). In order to continue we split between n and j indices.
First we have a look at the j index:

(86" Vi) * W = Dj(Aq x ¥) — Aa* (DY) +i[Ag T Vi]x W
= (D¥Aq)*e Iy +i[Aq Vi x v, (5.35)

where we have used (5.26). In order to solve this equation we have to allow for
V; to be a differential operator instead of being a function as usual. We make the
following ansatz

Vixy = Vj * (eima" l[/)
and insert it into (5.35). After using e =% (f x g) = (e~ f) x (¢~ g) we find
83V = (D Aa) +iax Vj = iV (74 Ay ). (5.36)

This equation can be solved order by order in the deformation parameter. The solu-
tion up to first order in a is

V= A;—idA;d, — %anAj - %{AH,AJ-}
1
+ 37 ({FujpAv) — {Au. 0vA}) (537)

with the commutative field strength tensor Fyy = dyAy — dvAy —i[Ay,Ay].

4 Note that in this chapter we use a different notation for the covariant derivative, since the symbol
DZL is reserved for the (non-covariant) Dirac derivative.
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For V,, one follows the same steps, using the Leibniz rule for the D}, derivative
(5.25) this time. The solution up to first order in a is

V, = A, — iaAld; — %(ajAf') - gAjAj
1
OV ({Fun Av} — {Au, vALY) - (5.38)

4

From (5.37) and (5.38) we see that besides being enveloping algebra valued (a
consequence of noncommutativity, that is, of the x-product) the gauge field is also a
differential operator, see the second term in (5.37) and (5.38). This is a consequence
of the special properties of x-deformed space, more concretely of the nontrivial
Leibniz rules for D:l derivatives. Looking at (5.37) and (5.38) we see explicitly
that the expansion in the enveloping algebra basis (4.58) and the expansion in the
deformation parameter a (5.31) do not match. For example, the term —%“(QJAJ ) in
(5.38) is Lie algebra valued, but is a first-order term in a.

For completeness we repeat here also the solution for V, in the case of 6-
deformed space

1
Vp :Ap—i—ze“v({Fup,Av}—{Au,avAp}). (5.39)

This solution is not a differential operator since d;, derivatives have the undeformed
Leibniz rule.
Having the solutions of Seiberg—Witten map at hand, one calculates the field-
strength tensor defined as
Ty =il755 P}, (5.40)

Since the gauge field V), is a differential operator it is not surprising that also the
field strength tensor (5.40) is a differential operator. Therefore, we split the tensor
F ,j v into “curvature-like” and “torsion-like” terms, like one usually does in gravity
theories (but without any geometrical interpretation here)

Tr=Fi+ T D+ TP a5 Dt (5.41)

where :: denote a basis in the algebra of covariant derivatives. For the action we will
only use the “curvature-like” term £}, and ignore all “torsion-like” terms. With this
we have all the ingredients to write Lagrangian densities up to the first order in a,
see [18-20] for details.

5.6 Integral and the action

To be able to write an action for noncommutative gauge theory we need an integral.
First we try with the usual integral on the n+ 1 dimensional commutative space
J d"*1x. It should have the cyclic property
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/d”“x f*g:/d"“xg*f: /d"+1xf~g. (5.42)

This is required by the gauge invariance of the action for the gauge field. Namely,
from 83" Fy;,, = i[Aq § Fj, ] we have

83 (Fy » F*MY) = i[Ag 3 % F*HV]. (5.43)

Then, the action for the gauge field

S= / 4" Tr(Fy, < F* 1Y) (5.44)
transforms as
& / A Te(Fy + F* 1Y) (5.45)

_ /d"+1x Tr (g x Fgy % FX 1Y — B, « F* Y % Ag) .

Since the x-product (5.21) is noncommutative (5.45) will be equal to zero (the action
will be invariant) only if the integral is cyclic

/d"Hx (fixfak-*fi) = /d'mx (fiek fi-* fio1)- (5.46)

Cyclic property is also important if we want to formulate the variational principle,
see Chaps. 2 and 4.

In the canonically deformed space (5.42) is automatically fulfilled and the fol-
lowing analysis is not needed there. Unfortunately, in the case of x-deformed space
(5.42) is not fulfilled. One way to repair this is to introduce a measure function i (x)
such that

Jatxn) (£xg) = [ @ x o) (g5 (5.47)
Expanding (5.47) up to first order in a one finds a condition on the measure function
9 (Cgf"xl y(x)) —0, (5.48)

that is .
Ot (x) =0, xIju(x) = —nu(x). (5.49)

It has been shown in [27] that for a given x-product there always exists an equivalent
x-product’ for which the integral (5.47) is cyclic to all orders. In our example of the
symmetrically ordered x-product (5.21) condition (5.48) ensures cyclicity of the

3 Two x-products + and « are equivalent if there exists a map D such that D = 1 + &'(h), with the
deformation parameter s and

D(fxg)=D(f)+ D(g). (5.50)
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integral (5.47) to all orders in a [28, 29]. Equations (5.49) can be solved; however,
the solution is not unique. Additionally, the solution for p(x) is a independent so
it does not vanish in the commutative limit @ — 0. This means that it will spoil the
classical limit of the theory (equations of motion for example). And because of its
explicit x-dependence® it will break the x-Poincaré invariance of the integral.

Besides the one just described, there are other notions of integration, each of them
with some interesting properties. For example, one can relax the cyclicity condition
and construct an integral which is k-Poincaré covariant by using the quantum trace
method [28]. The integral obtained in that way does not have the cyclic property,
therefore, it is not convenient for analyzing gauge theories. An integral that is quasi-
cyclic is defined in [30], but its application to field theory is still to be analyzed.

So far there has not been a completely satisfactory answer to the question of
proper definition of the integral on k-deformed space. In the case of U(1) gauge
theory a gauge-invariant action is constructed in [31], but the analysis is still far from
being complete. For some work concerning formulations of quantum field theory
on the x-Minkowski space see [32, 33] and references therein. Attempts to apply
Noether theorem and construct conserved charges in k-Minkowski space are made
in [16, 17] and in [34, 35]. However, the construction of conserved quantities when
a deformed symmetry is present is still an open question and a subject of ongoing
research, see for example [36, 37].
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Chapter 6
Noncommutative Spaces

Fedele Lizzi

In this chapter we present some of the basic concepts needed to describe noncommu-
tative spaces and their topological and geometrical features. We therefore comple-
ment the previous chapters where noncommutative spaces have been described by
the commutation relations of their coordinates. The full algebraic description of or-
dinary (commutative) spaces requires the completion of the algebra of coordinates
into a C*-algebra, this encodes the Hausdorff topology of the space. The smooth
manifold structure is next encoded in a subalgebra (of “smooth” functions). Relax-
ing the requirement of commutativity of the algebra opens the way to the definition
of noncommutative spaces, which in some cases can be a deformation of an ordinary
space. A powerful method to study these noncommutative algebras is to represent
them as operators on a Hilbert space. We discuss the noncommutative space gener-
ated by two noncommuting variables with a constant commutator. This is the space
of the noncommutative field theories described in this book, as well as the elemen-
tary phase space of quantum mechanics. The Weyl map from operators to functions
is introduced in order to produce a x-product description of this noncommutative
space.

6.1 Commutative geometry (and topology)

In Hilbert’s foundations of geometry [1] the concepts of points, lines, and planes
are considered intuitive and no attempt is made to define them. These “undefined”
points are nevertheless the basis of any topological space, differentiable manifold,
bundle, and so on, all geometrical concepts built on spaces made of points. This
gave the impression that geometrical notions cannot survive without points. Quan-
tum mechanics forced a change of this attitude. While in classical mechanics the
state of a system can be described by a point in a phase space, Heisenberg’s uncer-
tainty principle makes the concept impossible in quantum mechanics. This led von
Neumann [2] to speak of pointless geometry.

Lizzi, E.: Noncommutative Spaces. Lect. Notes Phys. 774, 89-109 (2009)
DOI 10.1007/978-3-540-89793-4_6 (© Springer-Verlag Berlin Heidelberg 2009
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In the following we introduce the basic mathematics of noncommutative geom-
etry at an unspecialized level, that of a high-energy physics student for example.
Sometimes we sacrifice rigor and refer to some of the classic reference books [3-6]
for details and proofs. An extended and more rigorous treatment of the topics of this
chapter will also appear in the forthcoming book [7].

In the present section we discuss ordinary topology and geometry from a point of
view which enables its generalization to a noncommutative setting. The main tool is
the transcription of the usual geometrical concepts in terms of algebras of operators.
The starting point is a series of theorems due to Gel’fand and Naimark (for a review
see for example [4, 5]). They established a complete equivalence between Hausdorff
topological spaces and commutative C*-algebras. From a physicist point of view
one can look at this activity as describing the topology (and geometrical properties)
of a space not seeing it as a set of points, but as the set of fields defined on it. In
this sense the tools of noncommutative geometry resemble the methods of modern
theoretical physics.

6.1.1 Topology and algebras

A topological space M is a set on which a fopology is defined: a collection of open
subsets obeying certain conditions, this enables the concept of convergence of suc-
cession of points x,, € M to a limit point x = lim, x,,. Together with the concept of
convergence goes the notion of continuous function. A function from a topological
space into another topological space is continuous if the inverse image of an open
set is open, but as a consequence it maps convergent sequences into convergent se-
quences:

lim £(x,) = £(x). ©.1)

A Hausdorff topology makes the space separable, i.e., given two points it is always
possible to find two disjoint open sets each containing one of the two points. The
common topological spaces encountered in physics (for example, manifolds) are
separable.

Of particular interest in this context is the set of complex-valued continuous func-
tion. They form a commutative algebra because the sum or product of two continu-
ous functions is still continuous. We will show how it is possible to define the topol-
ogy of a space from the algebra of continuous functions on it. Moreover, we will
show how to construct the topological space starting from the abstract algebra. On
one hand every Hausdorff topological space defines naturally a commutative alge-
bra, the algebra of continuous complex-valued functions over it. Remarkably, under
certain technical assumptions spelled below, the reverse is also true, i.e., given a
commutative algebra <7 as an abstract entity, it is always possible to find a topologi-
cal space whose algebra of continuous functions is .. Therefore, we can establish a
complete equivalence between topological spaces and algebras. In the following we
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will describe these mathematical structures from an “user” point of view, keeping
the technicalities at a minimum and refer the literature for proofs and details.

The technical assumptions we have mentioned are resumed in the fact that the
algebra .o# must be a C*-algebra. This is, first of all, a vector space with the structure
of an associative algebra over the complex numbers C, i.e., a set on which we can
define two operations, sum (associative and commutative) and product (associative
but not necessarily commutative), and the product of a vector by a complex number,
with the following properties:

(1) < is a vector space over C, i.e., xa+ b € o fora,b € o/ and o, 3 € C.
(2) It is distributive over addition with respect to left and right multiplication, i.e.,
a(b+c) =ab+ac and (a+b)c = ac+bc, ¥V a,b,c € .

4/ is further required to be a Banach algebra:
(3) It has anorm || - || : & — R with the usual properties

a) [la| >0, [la| =0 <= a=0
b) [|aal| = |ex| [la]

©) lla+b|| <|lal| +||b]|

d) [lab|| < |la] [|2]

The Banach algebra o7 is called a x-algebra if, in addition to the properties above,
it has a hermitian conjugation operation * (analogous to the complex conjugation
defined for C) with the properties

@4 (@) =a

(5) (ab)* =b*a*

(6) (aa+ Bb)* = aa* + Bb*
D [la*]| = [|all

®) |la*al| = [|a]®

for any a,b € o/ and o, € C, where & denotes the usual complex conjugate of
a € C. Finally,

(9) It is complete with respect to the norm.

C*-algebras play a very important role in mathematics because as we will see their
study is basically the study of topology. A good introduction to their properties is
found in the book [8].

Example 6.1.

Examples of C*-algebras are n X n matrices, bounded operators on an infinite-
dimensional Hilbert space, as well as compact operators. The norm is the supre-
mum norm in all these cases. These are noncommutative, examples of commutative
algebras are C itself, or the continuous functions on the plane. Note that several
commonly used algebras do not satisfy all of the definitions. For example, the set
of upper triangular matrices does not have the hermitian conjugation, trace class
operators are not complete, and the Hilbert space of L? functions has a norm which
does not satisfy item (8) above. O
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Every Hausdorff topological space has a natural commutative C*-algebra asso-
ciated with it: the algebra of continuous complex-valued functions. If the space is
compact this algebra contains the unity I and is called unital. The converse is also
true. Every unital commutative C*-algebra is the C*-algebra of continuous func-
tions on some compact topological space. Nonunital algebras are similarly associ-
ated with noncompact Hausdorff spaces.

6.1.2 Reconstructing the space from the algebra

‘We now show how the topological space can be reconstructed from the algebra. We
first introduce the notion of state. A state is a linear functional from a C*-algebra .o/
(not necessarily commutative) into complex numbers:

¢:o —C, (6.2)
with the positivity and normalization requirements
¢(a’a) >0 Vac o, |§|=1. (6.3)

In this case the norm is defined as

o]l = sup {¢(a)} . (6.4)

[[all<1

If the algebra is unital ¢ (I) = 1.

The space of states is convex, i.e., any linear combination of states of the kind
cos? A9y +sin® A ¢, is still a state for any value of A. Some states cannot be ex-
pressed as such convex sum, they form the boundary of the set and are called pure
states.

Example 6.2.
Consider the case of n X n complex-valued matrices. A state is given by a matrix
(which with an abuse we still call ¢) with the definition

¢(a) =Troa. (6.5)

Positivity requires the matrix ¢ to be self-adjoint with positive eigenvalues, and
normalization requires it to have unit trace. Since the matrix is self-adjoint it can
be diagonalized. There are two possibilities. Either more than one eigenvalues is
different from zero, and in this case it is immediate to see that we can write it as the
convex sum of two diagonal matrices of trace 1. Alternatively only one eigenvalue is
different from zero, and it must be the unity. In this case it is not possible to express
¢ as the convex sum of two matrices of trace 1, since positivity requires diagonal
elements to be positive numbers less than 1. So pure states are nothing else but
pure density matrices, which correspond to the projectors, these in turn are in a
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one-to-one correspondence with the normalized n-dimensional vectors (the rays).
This construction can be carried over to the infinite-dimensional case, considering
bounded operators on an infinite-dimensional separable Hilbert space. ([

Consider next a commutative algebra and its set of pure states. We can give to
this set a ropology as follows: given a succession of pure states &, we find its limit
as

li;n Ox, = 0y & li’?l Oy, (a) = 6y(a) Yae o . (6.6)

We have constructed the topological space associated with the C*-algebra 7. We
have therefore a duality between topological spaces and C*-algebras: a topologi-
cal space determines the C*-algebra of its continuous complex-valued functions.
Conversely any commutative C*-algebra, using uniquely algebraic techniques, de-
termines a topological space whose algebra of continuous functions is the initial
C*-algebra.

The reconstruction of the topological space from the algebra via the set of pure
states is one of various equivalent ways to obtain the space from the algebra. It is
worth to briefly comment on some of the alternatives since in the noncommutative
case these are not anymore the same and capture different aspects of the noncommu-
tative geometry. For commutative algebras it turns out that the space of pure states
is the same as the state of irreducible one-dimensional representations. It is possible
to give a topology (called regional topology) [9] directly on the space of represen-
tations of an algebra, and in the commutative case this topology is the same as the
one described earlier. In this case the space of points is also the same as the space
of maximal ideals of the algebra. An ideal of an algebra is a subalgebra .# with the
property that

abe S Naed,Nbe I, (6.7)

the relevant example of ideal for the algebra of functions on some space is the set of
functions vanishing in some closed set. Recall that if a continuous function vanishes
on some set of a topological space, it will vanish also on the closure of the set, there-
fore the structure of ideals feels the topology of the underlying space. A maximal
ideal is an ideal which is not contained in any other ideal (and is not the whole al-
gebra). Since the ideal of functions vanishing in a given set is contained in the ideal
of functions vanishing in any smaller set contained in the first set, it is intuitively
obvious that the functions vanishing at a given point are an ideal not contained in
any other ideal, hence the one-to-one correspondence between points and maximal
ideals. A topology based on the closure of the set of ideals can be given (called
hull-kernel topology), thus giving a third (equivalent) manner to reconstruct a space
from a C*-algebra. We have seen three different sets that we can build exclusively
form the algebra:

— pure states
— irreducible (one-dimensional) representations
— maximal ideals

On this set we can build, purely algebraically, three topologies, which turn out to be
same for commutative algebras.
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6.1.3 Geometrical structures

We have mainly dealt so far with the topology of Hausdorff spaces, which we can
call, in the spirit of these notes, commutative spaces. What about the other geometri-
cal structures? We can transcribe all standard concepts of geometry at the algebraic
level, as properties of C*-algebras and of other operators. This program, started by
Connes [3], has been going for some time in the construction of some sort of dic-
tionary transcribing the concepts of commutative geometry into concepts connected
to C*-algebras. The aim of this exercise should be evident: once we have translated
pointwise geometry into operations at the algebraic level, these are more robust
and can still be used at the level of noncommutative C*-algebras, thus describing a
noncommutative geometry. Let us give a few entries of this continuously evolving
dictionary.

The presence of a smooth structure, i.e., a manifold structure, is equivalent to
considering a subalgebra <7, C o of “smooth” functions. This subalgebra can be
given the structure of a Fréchet algebra, which is a locally convex algebra with its
topology generated by a sequence of seminorms || - ||, which separate points: that is,
|lal|, = 0Vk < a = 0. The seminorms for this algebra are

llall, = su}E{ [0%a(x)]| for |a| <k } . (6.8)
xXe

A theorem of Serre and Swan establishes an equivalence between bundles and
modules. A bundle E over topological space M (called the base) is a triple composed
by E (which is also a topological space), M, and a continuous surjective map 7w : E —
M and such that for each x € M the space £~ ! (x) is homeomorphic to a space F,
called the typical fiber. When F is a vector space we have a vector bundle. Locally
the bundle is trivial, i.e., there is a covering U; of M such that locally n‘l(Ui) =
U; X F. A section of a bundle is a map s : E — M such that w os = idy;. Examples
of bundles abound in physics, often with the further structures, like fiber bundles,
which are vector bundles together with the action of a group G on the fiber F.
Yang-Mills fields are sections of fiber bundles. It turns out that a vector bundle
over a manifold M is completely characterized by its space of smooth sections & =
T'(E,M).

It is possible to substitute the concept of bundle with the one of projective mod-
ule. A left module & is a vector space over C on which the algebra acts, that is, for
a,b € o/, n,xi € & we have

aneé& (6.9)

and
(ab)n =a(bn), (a+bn=an+bn, an+§&)=an+as . (6.10)

The definition of right module is analogous. We have purposive used the same sym-
bol for the sections of a bundle and for the module, since the latter is a relevant ex-
ample of the former, where the algebra is the algebra of continuous functions over
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the base. A module & is finite if it is generated by a finite number of generators, and
it is projective if given any two other modules .# and .#", and a homomorphism
¢ : A — N connecting them, then any surjective homomorphism ¢y, : & — . #
can be lifted to a homomorphism such that ¢y = ¢ o ¢ps. What this means actually is
quite simple, it is saying that, heuristically, any finite projective module is made of
matrices with elements in the algebra. The Serre-Swan theorem then says that any
finite projective module over the algebra of smooth functions is isomorphic to the
space of sections of a bundle and that conversely the space of sections of a bundle
is isomorphic to a finite projective bundle. This means that it is always possible to
write the space of sections I'(E,M) = p.o/" where p is a matrix of elements of the
algebra p € My(.7) with the property that p> = p.

The transcription in algebraic terms of geometry comprises several more entries.
Differential forms are realized as operators with the help of a generalized Dirac
operator D, integrals of functions are calculated as traces of the corresponding op-
erators, and the list goes on to comprise several more entries. It is possible to char-
acterize a manifold, given by an algebra o7, with its differential structure, given by
the generalized Dirac operator D, exclusively in algebraic terms [10]. The dimen-
sionality is encoded in the growth of the eigenvalues of D, differentiability is given
by multiple commutators of the elements of the algebra with D, as well as the do-
main of D™ acting on the Hilbert space on which %, is represented. There are other
conditions which mirror smoothness. We refer to the cited literature for details of
this and the other entries of the dictionary and proceed to the generalization of this
commutative geometry to noncommutative spaces.

6.2 Noncommutative spaces

In the previous section we have established the one-to-one correspondence between
commutative C*-algebras and ordinary Hausdorff spaces and we have shown how
to reconstruct the points using purely algebraic methods. It now is possible to go
beyond commutativity and define a noncommutative space as the object described
by a noncommutative C*-algebra. One can now ask if there are still points and a
topology to recognize in this novel setting. In general we can still recognize a set of
pure states, of representations (possibly of dimension larger than one), and of max-
imal ideals (now one has to distinguish among left, right, or bilateral ideals). These
spaces now do not coincide anymore. Moreover, the algebra of continuous func-
tions on the “points”, being commutative, cannot anymore be the starting algebra.
The concept of point becomes evanescent, and in some cases one is forced to aban-
don it altogether. Take for example the set of n X n complex matrices. It has only
one representation (n-dimensional), but not one-dimensional representations. It has
n unitarily equivalent pure states and no maximal ideals (apart from the whole alge-
bra). One could be tempted to say that it describes a single point, but there is more
structure in this algebra than in its commutative counterpart (complex numbers).
The same can be said in the infinite-dimensional case of compact operators. We will
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see below that the equivalence of these algebras with C as far as the representations
are concerned is captured by Morita equivalence.

6.2.1 The GNS construction

Still it is possible to do geometry, noncommutative geometry. This means that we
extract geometric information directly form the algebra. The main technique is to
represent the C*-algebra in a Hilbert space. There is another result due to Gel’fand
and Naimark (and Segal) which states that any C*-algebra can be represented as
bounded operators on a Hilbert space, and this of course strikes a chord in the hearth
of physicists! The proof is constructive, namely, given a C*-algebra one has a natural
procedure (called GNS construction) to build a Hilbert space on which the algebra
acts as bounded operators, with the C* norm given by the operatorial norm.

The GNS construction is based on the fact that since every algebra has an obvious
action on itself, we can consider the algebra itself as the starting vector space for the
construction of the Hilbert space. To make this space a Hilbert space we first need
an inner product with certain properties, and then we need to complete in the norm
given by this product. Note that the Hilbert space norm is not the original norm of
the C*-algebra.

First we note that any state ¢ gives a bilinear map with some of the properties of
inner product: ¢ (a*b). The problem with this map is that there may be instances in
which ¢ (a*a) is zero, even if a is not the null vector. To this end consider the space
of null elements defined as,

No={ac | P(a"a)=0}. (6.11)
This space turns out to be a left ideal. This can be proven using the relation
¢(a*b*ba) < ||b||*¢(a"a) , (6.12)

so that a € Ay = ba € N3 Vb € o/ . This ideal of null states can be eliminated by
considering the space of equivalence classes of the elements of <7 up to elements of
4. We can then equip this space with the scalar product

([al,[b])g = 9(a”D) . (6.13)

This product is by definition independent from the representative of the equivalence
class. It defines a norm, and the Hilbert space is the topological completion of the
space of equivalence classes with respect to this norm.

The algebra .o/ is naturally represented on the Hilbert space by associating to any
element a € &7 an operator d@ with action

alb) = [ab] , (6.14)

and again the action does not depend on the representative.
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Thus, we have a representation of our algebra on the Hilbert space. The operators
corresponding to the elements of .7 are bounded, in fact, expressing with

lall, = sup o (b"a’ab), (6.15)
o(b*h)<1

we have the operator norm on the Hilbert space, using (6.12)
la[b)[|* = ¢ (b*a”ab) < ||al*¢ (b"D), (6.16)

and considering the supremum over ¢ (b*b) < 1 one obtains |||, < [|a||. Therefore,
since all operators of a C*-algebra have finite norms, & is a bounded operator on the
Hilbert space . that we have just built. Note that the association of an operator to
the element of the algebra depends on the choice of the state ¢.

Conversely, given an algebra of bounded operators on a Hilbert space, any nor-
malized vector |£) defines a state with the expectation value

¢z (a) = (§la|5) - (6.17)

It results that to any state ¢ it corresponds a vector state, i.e., there is a vector
&y € A such that

(&olalés) =9(a). (6.18)
The vector &, is defined by

E =[] =T+.4 (6.19)

and is readily seen to verify (6.18). Furthermore, the set {7y (a)&y | a € </} is just
the dense set .o/ /4, of equivalence classes. This fact is encoded in the definition of
cyclic vector. The vector &, is cyclic for the representation (7%, 7y ). By construc-
tion, a cyclic vector is of norm one: ||&y 12=lo]l=1.

The cyclic representation (.75, Ty, &4 ) is unique up to unitary equivalence. It can
be shown that this representation of the algebra is irreducible if ¢ is a pure [11] state.

Example 6.3.
Let us consider the example of the commutative algebra of continuous functions on
the real line vanishing at infinity. Choosing as pure state

)

X0

(a) = a(xo), (6.20)

the null space is given by all functions vanishing at xo. The inner product is then
given by
(a,b)s = a(xo)"b(xo) , (6.21)

and the Hilbert space turns out to be just C. The algebra acts on this space by
multiplication of complex numbers:

alb] = a(xo)b(xp) . (6.22)



98 Fedele Lizzi

We should not be surprised of the fact that the Hilbert space is C, the state is
pure, and the only irreducible representations of a commutative algebra are one-
dimensional.

The situation is different if we choose a non-pure state, for example,

¢(a) = % /_ (:dxe*"za(x). (6.23)

This time there are no nonzero elements of the algebra such that ¢(a*a) = 0. The
Hilbert space therefore contains the continuous functions, the inner product is given
by

1 © 2
a,by, = — dxe ™ a*(x)b(x). 6.24
fwbhy=— [ _ (¥)b(x) (624)
The completion of this space gives the space L* (R) with a gaussian measure. Then
the operator representation of the algebra is just given by the pointwise multiplica-

tion of functions
ab(x) = a(x)b(x) . (6.25)

O

Example 6.4.
Let us give a noncommutative example: the matrix algebra M, (C) with the two pure

states
aiy apn app arz
) — s . 6.26
¢1<[a21 azz}) ar ¢2<{a21 azz]) ay (6.26)

The corresponding representations are equivalent, being indeed both equivalent to
the defining two-dimensional one. The ideals of elements of “vanishing norm” of
the states @1, (o are, respectively,

o Oa12 . a110
T3 SR e B

The associated Hilbert spaces are then found to be

x1 0 X " «
%:{[x; 0}} sz{X:(x;)} X XT) = XX+

_ Oyl ~ 2 _ (N AN %/
= {[onTh ~ e fr= ()} ) s .

(6.28)

12

As for the action of any element A € My (C) on 54 and 74, we have

x1 0| _ |anxi+apx 0 _ X1
m(4) {xz 0} N {a2lx1+0122x2 0] =4 (x2> ’
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0y Oanyr+awy2 | _ , (n
m(A = =A . 6.29
2(4) {0 yz} {0 ayy +axy> »2 (6-29)

The two cyclic vectors are given by

&= (é) , &= ((1)) : (6.30)

The equivalence of the two representations is provided by the off-diagonal matrix

01
U= [1 o] , (6.31)

which interchanges 1 and 2 : UE; = &,. Since m| and m, are irreducible represen-
tations and since any nonvanishing vector is a cyclic vector if the representation
is irreducible, we see that m| and m, are unitary equivalents and can therefore be
identified. (I

6.2.2 Commutative and noncommutative spaces

Sometimes, even in the presence of a noncommutative algebra, we are still in
the presence of an ordinary space. Consider functions from a manifold into n X n
complex-valued matrices. In this case the algebra can obviously still be associated
with the original manifold, and we cannot really talk of a noncommutative geometry.
Note that in this case, since algebra of n x n matrices has only one representation,
we have one representation for each point of the original manifold, as in the commu-
tative case. There are more pure states, as in (6.26), but they are unitarily equivalent.
It is like we had points, but with an inner structure. This is sometimes refereed to as
an “almost commutative geometry”.

This characteristic is captured by the concept of (strong) Morita equivalence [12].
Two C*-algebras &7 and A are Morita equivalent if there exists a complex vector
space & which is a left module for ./ and a right one for %. In & two inner prod-
ucts,! are defined with values in the two algebras, such that the representations are
continuous and bounded, and with the property

M8 yx=nx)% Vn.&xcé. (6.32)

The important property of Morita equivalent algebras is that they have the
same space of (classes of unitary inequivalent) representations with the same
topology. In particular all algebras, Morita equivalent to commutative algebras,
are algebras of function from some Hausdorff topological space which can be
uniquely reconstructed. Morita equivalent algebras also have the same (algebraic)

! There are other requirements of continuity and density for the definition. The two inner products
are sesquilinear forms with the usual properties. For details see [5].
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K-theory. Hence in some sense two Morita equivalent algebras are algebras of func-
tions on the same “space”.

6.2.3 Deformations of spaces

There are several noncommutative spaces that have been studied: deformations
(with one or more continuous parameters) of commutative algebras of functions on
a topological space, or algebras of matrix-valued functions on commutative spaces.
There are then truly noncommutative structures that are not linked to a “classical”
(commutative) manifold. In some instances these NC algebras can be associated
with non-Hausdorff spaces, the typical example being that of torus foliations for ir-
rational theta. Similarly examples of spaces with a nonseparating topology in which
a finite set of points can keep track of the homotopy of the original space are de-
scribed in [13].

The standard example of a genuine noncommutative geometry is the noncommu-
tative torus [3, 5] which we now briefly describe. In Fourier transform one can write
functions on the torus (characterized by x; € [0, 1]) as

fx) = fmUIUY, (6.33)

with U; = 2™ and obviously UjU, = U,U;. In this setting continuous functions
are the ones with coefficients such that limy,; .+ fy,n, — O faster than n; 2. From
this C*-algebra it is possible to reconstruct the torus as a topological space as shown
in the previous section. If one now generalizes the commutation relation of the U’s
to the case

U U, = 2™00,U;, (6.34)

the algebra generated by (6.33) is a noncommutative algebra; it describes a defor-
mation of the torus called noncommutative torus. When 0 is irrational there is no
ordinary space underlying it, in this case we are in the presence of a truly noncom-
mutative space. The name noncommutative torus is given to various completions,
with different norms, of the algebra (6.33) with the relation (6.34), corresponding
to functions continuous, differentiable, analytic, etc. They all correspond to the var-
ious classes of functions of a “manifold” whose coordinates obey the commutation
relation [x;,x;] = i6. It should however be kept in mind that this is just an heuristic
view, as it is impossible to talk of a topological space in this case. We do not have
the points of the space in this case!

Noncommutative tori are very different mathematical structures in the cases of 6
rational or irrational. In the first case, 8 = p/q, p,q integers, the noncommutative
torus is Morita equivalent to the algebra of functions on the ordinary torus [14],
they are in fact isomorphic to the algebra of ¢ X g matrices on a torus. In the ir-
rational case the algebra does not describe any Hausdorff topological space. It can
be seen that they describe the space of orbits of the points of a circle under the ac-
tion of rotation of an angle 276. As is known every orbit is dense, and therefore
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in the neighborhood of any point there is the whole space. If one considers then
the circle quotiented by these rotations the Hausdorff topology would give a single
point. Likewise if we consider functions which are constant on any given orbit, we
obtain only functions constant on the circle. In noncommutative geometry there is
a well-defined procedure, called the crossed product, which, starting from the ac-
tion of functions on a manifold and the action of a group on it, gives the algebra on
the quotient space. The application of this procedure to the case of the circle with
the action of discrete irrational rotations gives the algebra of the noncommutative
torus. Hence the noncommutative algebra captures more structure. In general non-
commutative tori with parameters 6 and 6’ are Morita equivalent iff the parameters
are connected by a SL(2,Z) transformation:

, _ab+b
O +d’

ad —be = 1, (6.35)

with a,b, c,d integers.
Finally, a relevant example of noncommutative spaces is that of quantum groups
and Hopf algebras, discussed in the next chapter.

6.3 The noncommutative geometry of canonical commutation
relations

The original example of a noncommutative space is quantum phase space; this is
a well-established concept from the early days of quantum mechanics, with 7 a
dimensionful quantity, with the dimensions of the area of the phase space of a one-
dimensional particle. It is a “small” parameter, in the sense that in the limit in which
it goes to zero, classical mechanics should emerge. In the usual view, for example
in the courses of the standard physics curriculum, quantum and classical mechanics,
however, are two different theories, using different mathematical tools, and the pas-
sage from one to the other (the classical limit) is not an immediate and unambiguous
procedure. In reality there is a procedure, deformation quantization, which connects
the two. In this case quantum mechanics is seen as a deformation of the classical
theory, and the two theories are both seen as a theory of states on the x-algebra of
observables. The crucial difference between the two theories is that in the quantum
case the algebra is noncommutative.

The geometry underlying Hamiltonian classical mechanics is a Poisson (sym-
plectic) geometry. The space of position and momenta, the phase space, is equipped
with a Poisson bracket, and time evolution is generated by a Hamiltonian vector
field. The set of functions on phase space is the set of observables of the theory:
position, momentum, angular momentum, energy, temperature, etc. Under the con-
ditions described in the first sections of this chapter it is possible to reconstruct the
phase space from these observables. It is important that we can shift the emphasis
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from the points of phase space to the observables. The points are then the (pure)
states of the algebra of observables.

Quantum mechanics forces the loss of the classical phase space; positions and
momenta are substituted by noncommuting self-adjoint operators. We like to say that
quantization is the rendering of a classical phase space a noncommutative geometry.
In this section we will discuss the quantum phase space of a one-dimensional parti-
cle. This is an important and relevant example per se, but if we change the notation
and send the pair p,x into the pair x1,x,, and # — 6, we are then considering the
standard, canonical, noncommutative geometry discussed in most of this book.

The barest minimum for a manifold to be seen as a phase space is the presence
of the Poisson bracket, a bilinear map among C* (M) functions on M

{1} M) x (M) — C7 (M), (6.36)

with the properties of being antisymmetric, satisfying the Jacobi identity, and the
Leibniz rule

{f,gh}y =g{f.h}+{f,g}h. (6.37)

A Poisson bracket is defined by a Poisson bivector A € I'(M, A\>TM), which satis-
fies the (Jacobi) property

APGATF 4 AT GAR + AR AT =0, (6.38)

where d; := d /du’ and the u’s are the local coordinates of M.
We consider the case of a two-dimensional phase space M = R? with global
coordinates (x, p) and Poisson bracket

{f,g}*a*f%*ﬁ% (6.39)

A state of the physical system is a point of the phase space, or more generally a
probability distribution. The terminology is the same as in Sect. 6.1, and indeed the
pure states are the points, while the non-pure states are probability distributions, in
which the system is in a probabilistic superposition of states.? Classical observables
are (real) functions on M, and the C*-algebra they generate carries all topological
information of the phase space. Some observables are the infinitesimal generators
of a physically relevant transformation, the infinitesimal variation being given by
the Poisson bracket, for example, time evolution is generated by the Hamiltonian

function i of

rotations are generated by the angular momentum, etc.

2 Note that the ensuing uncertainty of measurement is not the one inherent to measurement in
quantum mechanics, but it only reflects the possibility that the state of a system is not completely
known.
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All this has to change drastically upon quantization and the presence of an uncer-
tainty principle. Observables are not defined anymore as functions, but as operators
on a Hilbert space, and they form a noncommutative algebra. Contact with classical
mechanics is via the correspondence principle, which associates to each classical
observable f an element f of a noncommutative algebra, with the basic requirement
that the Poisson bracket is replaced (to leading order) by the commutator:

P

{f.8) — —31/4l. (6.41)

This brings about the usual commutation relation between position and momentum:
[£,p] =ik . (6.42)

As is known X and p are unbounded operators, but it is possible to exponentiate
them to obtain unitary operators and use them to build a C*-algebra. This can then
be represented as an algebra of bounded operators on some Hilbert space. The most
common representation is on L?(IR,), the square integrable functions of position, but
one could use functions of momentum. Another commonly used representation is in
terms of the eigenstates of an operator with discrete spectrum, say the Hamiltonian
of the harmonic oscillator. In this case the basis of the Hilbert space is countable, and
the operators can be seen as infinite matrices. We will see later on in Example 6.6
how the GNS construction applies to this case.
On square integrable functions of x the operators £ and p are represented as

fy(x) =xy(x), py(x) = —ihdcy(x). (6.43)

The association of an operator to other functions of x and p is, however, ambiguous,
and moreover it is preferable to deal with bounded operators. Weyl [15] has given a
well-defined map from functions into operators, this procedure was implicitly used
in Appendix 1.9. We first define the operator (sometimes called the quantizer [5] in
this context)

W(n,&)=eh&rtnd, (6.44)

The correspondence is then defined as

fpx) — QU3 = [dEanfEMWED . (645)

where dnd
- B xdp
fem= [ 52

is the Fourier transform of f. If we were to forget the hat on p and x in (6.44),
the expression (6.45) would look just like the expression which Fourier transforms
back f to the original function. Because of the operatorial nature of W, instead it
associates an operator to functions, with the property that real functions are mapped
into hermitian operators. The inverse of the Weyl map is called the Wigner map [16]:

F(p,x)e #me+ép) (6.46)
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QN (F)(p,x) = / (i%ifhe’“””&")TrﬁW (&) (6.47)

The Weyl map gives a precise prescription associating an operator to any function
for which a Fourier transform can be defined. It has the characteristic of mapping
real functions into hermitian operators and is a vector space isomorphism between
L? functions on phase space and Hilbert—Schmidt operators [17-19].

The correspondence between functions and operators implicitly defines a new
noncommutative product [20, 21] among functions on phase spaces defined as fol-
lows:

fxg=2"1Q(HQ)) (6.48)

This product called the Gronewold—Moyal, or simply Moyal, or *-product, is as-
sociative but noncommutative and it reproduces the standard quantum mechanical
commutation relation:

X*xp—p*x=ih. (6.49)

There are several integral expressions (see for example [22, 23]) for the x-product,
with a fairly large domain of definition. In the context of this book it is useful to see
the x-product as a rwisted convolution of Fourier transforms. Given two functions f
and g the Fourier transform of their product is

_ (SN new ) Fet pha(E — & —
(Fra)Em= [ Te FEmEE-¢m-n). (650
Without the exponential this expression would just give the commutative convo-
lution product among Fourier components. The exponential breaks the symmetry
between f and g and gives noncommutativity.

Another very common form of the product is the differential expansion of the
product (6.50) given by

(x)) = 100 exp ( T TAT, ) o). (651

where the notation 3, (resp. 5,-)) means that the partial derivative acts on the left
(resp. right). This expression is an asymptotic expansion of the integral one [24],
obtained by expanding the exponential in (6.50). The product can be seen as acting
with the twist operator

F — o B003y-3p23,) (6.52)

on the tensor product of the two functions, before evaluating them on the same
point. In this sense, as is discussed at length in this book, the x-product is a twisted
product.

Expressions (6.51) and (6.50) have different domains of definition, but they are
both well defined if both function are Schwarzian functions, and in this case their
product is still Schwarzian. The star product (both in the differential and integral
forms) is also well defined on polynomials, which however do not belong to the C*-
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algebra, and in fact they are not mapped into bounded operators. It is nevertheless
useful to consider them, which is what we do when we talk of the commutation
relations (6.42). If one is not interested in the presence of the norm, then one can
define the algebra of formal series in the generators x and p. This is basically the
construction described in Sect. 1.2.

The asymptotic form (6.50) is convenient because it enables to write immediately
the x-product of two functions as a series expansion in the small parameter 7. The
first term of the expansion is the ordinary commutative product. In this sense this
product is a deformation [25] of the usual pointwise product. The second term in
the expansion is proportional to the Poisson bracket:

frg=fg+ih{f g} +O(H). (6.53)

Considering less trivial phase spaces, starting from the work of [26, 27] a whole
theory of deformed products with the property that to first order in % they reproduce
the Poisson bracket has been developed, under the name of x-quantization or (for-
mal) deformation quantization. This culminated in the work of Kontsevich [28] who
proved that it is always possible, given a manifold with a Poisson bracket, to con-
struct a x-product that quantizes the Poisson structure. That is, such that the product
is associative and whose commutator, to first order in the deformation parameter, is
proportional to the Poisson bracket.

Consider the Heisenberg equation of motion for observables which do not depend
explicitly on time:

af _ [f.4]

=) .54

priak (6.54)
and the classical analogous in terms of the Poisson bracket

af

— ={f,H 6.55

dt {f7 }7 ( )

where f and H are observable and the Hamiltonian for classical system, respec-
tively, and f, H the operators obtained with the Weyl correspondence. In terms of a
deformed classical mechanics we can define

d 1
7{:ﬁ(f*HfH*f):{f,H}ﬁ’O(hz). (6.56)
Here we can see that the two evolutions coincide in the limit 7 — 0. In this sense
classical mechanics can be seen as the classical limit of quantum mechanics. The
*-commutator is called the Moyal bracket [21] and plays the role of a quantum
mechanics Poisson bracket.

Example 6.5.

The algebra of functions on the (p,x) plane with the x-product is isomorphic to the
algebra of operators generated by p and X. For further illustration in this example,
we see how the algebra with the x-product as well can be seen as a (infinite) matrix
algebra.
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Consider first the function®:

)
Q=2e 2 . (6.57)

This function is a projector, that is,
Po*Po = Qo - (6.58)

It is in fact the first of a whole class of projectors, as it is the function obtained
applying the Wigner map to the projection operator corresponding to the ground
state of the harmonic oscillator

g0 = 27(/0) (0])- (6.59)
Consider then the functions
a—i(x—i-i ) d—i(x—i ) (6.60)
= 7 p = 7 p) - .

These two operators are easily recognized as the functions corresponding (with the
Wigner map) to the usual creation and annihilation operators. They have the prop-
erty that for a generic function f

i of

axf=af+ oa f*azaf—%, (6.61)

and analogous relations involving a.
Define now the functions [22]

] =n m
@nm—\/ﬁa *Qoxa .

These are the functions corresponding via the Wigner map to the operators |m) (n|
and have the property

(6.62)

Oimn * Q1 = 6nk(Pml y (663)

which is easily proven using (6.61) and (6.58).
The @y, are a basis for the functions of p and g, or alternatively of a and a:

f=2 funPm, (6.64)
m,n=0
relation (6.63) ensures that
(f*8)mn = Z Jmp&pn- (6.65)
p=0

3 For simplicity set i = 1.
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In this sense the deformed algebra can be seen as multiplication of (infinite) matri-
ces. (I

Example 6.6.

Example 6.3 can be immediately generalized to arbitrary size matrices and even to
infinite matrices (operators on (>(Z)). In fact using the matrix basis described in
Example 6.5 for functions f =3, fun®@mn the same construction can be applied
using the state

0(f) = foo Z/dpdxfpo*f*fpo- (6.66)

The ideal ANy is given by functions with fo, = 0 and we can identify the Hilbert
space with functions of the kind

V= VP - (6.67)
1

Upon recalling that @0 = Wu‘” * (9 one recognizes the usual countable basis of

the Hilbert space L*(R) composed of Hermite polynomials multiplied by a gaussian
function. (I

Example 6.7.

The noncommutative torus is a compact version of the algebra described in this
section. It can be seen as a deformation of the algebra of functions on the torus in
the sense of Moyal. Given a function on the torus with Fourier expansion

f="Y  fuame™iemn, (6.68)

nyng=—ce

we associate to it the operator

f= X
ny,ny=

U105, (6.69)

where the operators U; act on the Hilbert space of infinite sequences of complex
numbers ¢ = {c, } as

(Ulc)n =em0¢, : (Uac), = cnar.- (6.70)

It is not difficult to see that the U’s satisfy the relation (6.34) and the %-product
defined as in (6.48) can also be expressed as

(Fxg)() = %M f(&)g(m)| 671

E=n=x
O
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6.4 Final remarks

Noncommutative geometry started from the need to describe quantum mechanics,
and it has led to see it as a deformation of classical mechanics. The freedom from
the need to describe spaces as sets of points opened a whole new quantum world,
needed on physical grounds to describe atomic physics. This deformation was the
main stimulus for large body of mathematical literature, which not only helped to
clarify and develop quantum mechanics, but also led to the construction of several
other “noncommutative geometries”, together with their symmetries. The catalog
of noncommutative spaces is already large, and still growing, and noncommutative
geometry has proven to be an useful tool also to understand standard, commutative
geometries.

Historically quantum mechanics started from a “cutoff”, imposed by Planck to
avoid the ultraviolet divergences in the calculation of the black body spectrum. It is
natural to think that the tools of noncommutative geometry may help the solution of
the other ultraviolet divergences that we are encountering in the search for a theory
that unifies quantum mechanics and gravity. Hence the study of field theories on
noncommutative spaces, which is the main object of this book.
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Chapter 7

Quantum Groups, Quantum Lie Algebras
and Twists

Paolo Aschieri

In this chapter, led by examples, we introduce the notions of Hopf algebra and
quantum group. We study their geometry and in particular their Lie algebra (of left
invariant vector fields). The examples of the quantum s/(2) Lie algebra and of the
quantum (twisted) Poincaré Lie algebra isog(3,1) are presented.

7.1 Introduction

Hopf algebras were initially considered more than half a century ago. New impor-
tant examples, named quantum groups, were studied in the 1980s [1-5]; they arose
in the study of the quantum inverse scattering method in integrable systems [6].
Quantum groups can be seen as symmetry groups of noncommutative spaces, this is
one reason they have been investigated in physics and mathematical physics (non-
commutative spaces arise as quantization of commutative ones). The emergence of
gauge theories on noncommutative spaces in open string theory in the presence of
a NS 2-form background [7] has further motivated the study of noncommutative
spaces and of their symmetry properties.

We here introduce the basic concepts of quantum group and of its Lie algebra
of infinitesimal transformations. We pedagogically stress the connection with the
classical (commutative) case and we treat two main examples, the quantum s/(2)
Lie algebra and the quantum Poincaré Lie algebra.

Section 7.2 shows how commutative Hopf algebras emerge from groups. The
quantum group SL,(2) is then presented and its corresponding universal enveloping
algebra U, (sl(2)) discussed. The relation between SL,(2) and U,(sl(2)) is stud-
ied in Sect. 7.5. The quantum s/(2) Lie algebra, i.e., the algebra of infinitesimal
transformations, is then studied in Sect. 7.6. Similarly the geometry of Hopf alge-
bras obtained from (abelian) twists is studied via the example of the Poincaré Lie

Aschieri, P.: Quantum Groups, Quantum Lie Algebras and Twists. Lect. Notes Phys. 774, 111-132 (2009)
DOI 10.1007/978-3-540-89793-4_7 (© Springer-Verlag Berlin Heidelberg 2009
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algebra. We do not consider here the C*-algebras aspect of these noncommutative
geometries [8].

In the appendix for reference we review some basic algebra notions and define
Hopf algebras diagrammatically. We also show that in the deformation quantization
context the twists we use in this book are well defined.

One aim of this chapter is to concisely introduce and relate all three aspects of
quantum groups:

e deformed algebra of functions [3, 4],
e deformed universal enveloping algebra [1-3],
e quantum Lie algebra [9].

Quantum Lie algebras encode the construction of the (bicovariant) differential cal-
culus and geometry, most relevant for physical applications. A helpful review for
the first and second aspects is [10], for quantum Lie algebras we refer to [11] and
[12]. The (abelian) twist case, that is an interesting subclass, can be found in [13]
and is treated also in the next chapter.

7.2 Hopf algebras from groups

Let us begin with two examples motivating the notion of Hopf algebra. Let G be a
finite group, and A = Fun(G) be the set of functions from G to complex numbers
C. A = Fun(G) is an algebra over C with the usual sum and product (f +h)(g) =
f(g)+h(g), (f-h)=f(g)h(g), (Af)(g) =A[f(g).for f,h€ Fun(G), g€ G, A €C.
The unit of this algebra is I, defined by I(g) = 1, Vg € G. Using the group structure
of G (multiplication map, existence of unit element, and inverse element), we can
introduce on Fun(G) three other linear maps, the coproduct (or comultiplication) A,
the counit €, and the antipode (or coinverse) S:

A(f)(g,d) = fgg), A:Fun(G)— Fun(G)® Fun(G), (7.1)
e(f) = f(lg), ¢€:Fun(G)— C, (7.2)
(SA)(g) = f(g™"), S:Fun(G)— Fun(G), (7.3)

where 1 is the unit of G.
In general a coproduct can be expanded on Fun(G) ® Fun(G) as

Af)=2feh=heh, (7.4)

where fi, fi € A= Fun(G) and fi ® f> is a shorthand notation we will often use in
the sequel. Thus we have

A(f)(8.8) = (fi® f2)(g:8) = filg)fa(g) = f(gg)- (7.5)
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It is not difficult to verify the following properties of the costructures:

(id®A)A = (A®id)A (coassociativity of A), (7.6)
(id®¢€)A(a) = (e®id)A(a) = a, (7.7)
U(S®id)A(a) = u(id @ S)A(a) = €(a)l, (7.8)
and
Alab) = A(@)A(b), A(I)=131, (7.9)
e(ab) =¢e(a)e(b), €(I)=1, (7.10)
S(ab) =S(b)S(a), S(I) =1, (7.11)

where a,b € A = Fun(G) and y is the multiplication map p(a ® b) = ab. The prod-
uct in A(a)A (D) is the product in A®A: (a®b)(c®@d) =ac®bd.

For example, the coassociativity property (7.6), (id ® A)A(f) = (A ®id)A(f)
reads fi @ (f2), ® (f2), = (f1), ® (f1), ® fo, for all f € A. This equality is easily
seen to hold by applying it on the generic element (g,g’,g"”) of G x G x G and then
by using associativity of the product in G.

An algebra A (not necessarily commutative) endowed with the homomorphisms
A:A—A®Aand € : A — C, and the linear and antimultiplicative map S: A — A
satisfying the properties (7.6)—(7.11) is a Hopf algebra. Thus Fun(G) is a Hopf
algebra, it encodes the information on the group structure of G.

As a second example consider now the case where G is a group of matrices,
a subgroup of GL given by matrices T that satisfy some algebraic relation (for
example, orthogonality conditions). We then define A =Fun(G) to be the algebra of
polynomials in the matrix elements 7 of the defining representation of G and in
detT~!; i.e., the algebra is generated by T4 and det7 !

Using the elements 7 we can write an explicit formula for the expansion (7.4)
or (7.5): indeed (7.1) becomes

A(T)(8,8") =T (g8") = T°.(8)T(g), (7.12)
since T is a matrix representation of G. Therefore,
A(TY) =TT, (7.13)
Moreover, using (7.2) and (7.3), one finds

e(T%) = 8¢, (7.14)
S(T%) =T7",. (7.15)
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Thus the algebra A = Fun(G) of polynomials in the elements 7% and detT~!is a
Hopf algebra with costructures defined by (7.13)—(7.15) and (7.9)—(7.11).

The two examples presented concern commutative Hopf algebras. In the first
example the information on the group G is equivalent to that on the Hopf algebra
A = Fun(G). We constructed A from G. In order to recover G from A notice that
every element g € G can be seen as a map from A to C defined by f — f(g). This
map is multiplicative because fh(g) = f(g)h(g). The set G can be obtained from A
as the set of all nonzero multiplicative linear maps from A to C (the set of characters
of A).

Concerning the group structure of G, the product is recovered from the coproduct
in A via (7.5), i.e., g¢' is the new character that associates to any f € A the complex
number fi(g)f>(g’). The unit of G is the character ¢; the inverse g~! is defined via
the antipode of A.

In the second example, in order to recover the topology of G, we would need
a C*-algebra completion of the algebra A = Fun(G) of polynomial functions. This
can be achieved if G is compact (see for example [14]); then, up to these topological
(C*-algebra) aspects, the information concerning a matrix group G can be encoded
in its commutative Hopf algebra A = Fun(G). Also in the case that G is locally
compact there is a notion of Hopf C*-algebra that encodes the topology and group
structure of G [8, 15].

In the spirit of noncommutative geometry we now consider noncommutative de-
formations Fun,(G) of the algebra Fun(G). The space of points G does not exist
anymore, by noncommutative or quantum space G, is meant the noncommutative
algebra Fun,(G). We consider this algebra as an “algebra of functions on the de-
formed space G,,”. Since G is a group then Fun(G) is a Hopf algebra; the noncom-
mutative Hopf algebra obtained by deformation of Fun(G) is then usually called
Quantum group. The term quantum stems for the fact that the deformation is ob-
tained by quantizing a Poisson (symplectic) structure of the algebra Fun(G) [1, 2].

7.3 Quantum groups and SLg4(2)

Following [5] we consider quantum groups defined as the associative algebras A
freely generated by noncommuting matrix entries 7' satisfying the relation

R 11, =T" TR, (7.16)

and some other conditions depending on which classical group we are deforming
(see later). The matrix R controls the noncommutativity of the 7¢, and its elements
depend continuously on a (in general complex) parameter g, or even a set of param-
eters. For ¢ — 1, the so-called “classical limit”, we have
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—1
R, = 587, (7.17)

i.e., the matrix entries 7% commute for ¢ = 1, and one recovers the ordinary Fun(G).
The R-matrices for the quantum group deformation of the simple Lie groups of the
A,B,C,D series were given in [5].

The associativity of A leads to a consistency condition on the R-matrix, the Yang—
Baxter equation:

aiby (] by _ pbicy ajca arby
R azth asczR bic3 =R sz2R 0203R azbz*

(7.18)

For simplicity we rewrite the “RTT” equation (7.16) and the Yang—Baxter equation
as
RixT'Th = b TiR12, (7.19)

R12R13R23 = Ro3R13R 12, (7.20)

where in Eq. (7.19) R =R, T1 =T®1, T, =1®T (here 1 denotes the diagonal
matrix with the unit element / € A on the diagonal), while in Eq. (7.20) Rj; =
R® 1, Ry3 = 1 ®R, and writing R = R* ® Ry (sum over o understood), we have
Ri3 = R*® 1 ® Ry. Thus, for example, the entries of the matrix product Rj>7} are
(R12Th )“’Z = R“ffTeCSfd = R“edei; we see that the repeated subscripts (like 1 in this
example) mean matrix multiplication.

The Yang—Baxter equation (7.20) is a condition sufficient for the consistency of
the RTT equation (7.19). Indeed the product of three distinct elements 7', T, and
T?, indicated by 777> T3, can be reordered as 737> 77 via two different paths

N1, — TN T
I LT (7.21)

N LN T — TLT3T,

by repeated use of the RTT equation. The relation (7.20) ensures that the two paths
lead to the same result.

The algebra A (“the quantum group”) is a noncommutative Hopf algebra whose
costructures are the same as those defined for the commutative Hopf algebra Fun(G)
of the previous section, Egs. (7.13)—(7.15), (7.9)—(7.11).

Note 7.1 Define Ié“bc q= Rb‘é 4- Then the Yang—Baxter equation becomes the braid
relation
R23R12R23 = RipR3Ry2 (7.22)

If R satisfies R> = id we have that R is a representation of the permutation group. In
the more general case R is a representation of the braid group. The R-matrix can be
used to construct invariants of knots [16] (see also [17, 18]).

Let us give the example of the quantum group SL,(2) = Fun,(SL(2)), the algebra
freely generated by the elements ¢, 3,7y, and § of the 2 X 2 matrix
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7o — (i g) (7.23)

satisfying the commutations

af =qBa, ay=qyo, B6=qdéB, yé=q0y
By=7B, ad—8a=(q—q "By, qeC (7.24)

and
det,T = ad —gqBy=1. (7.25)

The commutations (7.24) can be obtained from (7.16) via the R-matrix

g 0 00
0 1 00

R%=10g-g'10]" (7.26)
0 0 0g

where the rows and columns are numbered in the order 11, 12, 21, 22.
It is easy to verify that the “quantum determinant” defined in (7.25) commutes
with o, 3,7, and 8, so that the requirement det,7 = I is consistent. The matrix

inverse of T} is
-1
77, = (det,T)"" (_‘Zy qa B) . (7.27)

The coproduct, counit, and coinverse of o, 3,¥, and  are determined via formu-
las (7.13)—(7.15) to be

Al)=oRa+p®Y, AB)=axpB+Bx46,

A(y):y®a+6®y, A(S)=yRB+0®54, (7.28)
e(a) =¢(6) = e(B)=¢(y)=0, (7.29)
S(a) =39, (ﬁ)=—q‘1ﬁ7 S(y) = —qv, S(8) =0 (7.30)

Note 7.2 The commutations (7.24) are compatible with the coproduct A, in the
sense that A(af8) = gA(Ba) and so on. In general we must have

A(R12T1T2) =A<T2T1R12), (7.31)

which is easily verified using A(R;2T1T2) = Ri2A(T1)A(Tz) and A(Th) =Ty @ Th.
This is equivalent to proving that the matrix elements of the matrix product 7377,
where T is a matrix [satisfying (7.16)] whose elements commute with those of T¢,
still obey the commutations (7.19).

Note 7.3 A(det,T) = det,T @det,T so that the coproduct property A(I) =1®1 is
compatible with det, T = 1.
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Note 7.4 The condition (7.25) can be relaxed. Then we have to include the central
element § = (det,T) !, so as to be able to define the inverse of the g-matrix T$ asin
(7.27) and the coinverse of the element 7' as in (7.15). The g-group is then GL,(2).
The reader can deduce the costructures on §: A({) =C® &, €(§) =1, S(§) =
det, T

7.4 Universal enveloping algebras and Ug(sl(2))

Another example of Hopf algebra is given by any ordinary Lie algebra g, or more
precisely by the universal enveloping algebra U(g) of a Lie algebra g, i.e., the al-
gebra, with unit /, of polynomials in the generators ; modulo the commutation
relations

i x] = Cif - (1.32)

Here we define the costructures on the generators as

A)=xi®I+Ioy A(l) =11 (7.33)
e(xi) =0 e(l) =1 (7.34)
S(i) = —xi S()=1I (7.35)

and extend them to all U(g) by requiring A and € to be linear and multiplicative,
Alxx) =A0)A), e(xx') = €(x)e(x’), while S is linear and antimultiplica-
tive. In order to show that the construction of the Hopf algebra U(g) is well given,
we have to check that the maps A, €,S are well defined. We give the proof for the
coproduct. Since [y, x'] is linear in the generators we have

Al x 1= x1o1+10 .1, (7.36)

on the other hand, using that A is multiplicative we have

A, X1=A00A(X) = A(x)A(x)- (7.37)

It is easy to see that these two expressions coincide.

The Hopf algebra U(g) is noncommutative but it is cocommutative, i.e., for all
CelU(g), i ®b =8, where we used the notation A({) = §; @ . We have
discussed deformations of commutative Hopf algebras, of the kind A = Fun(G), and
we will see that these are related to deformations of cocommutative Hopf algebras
of the kind U (g) where g is the Lie algebra of G.

We here introduce the basic example of deformed universal enveloping algebra:
U,(sl(2)) [1-3], which is a deformation of the usual enveloping algebra of s/(2),

Xt X" ]=H , [HX]=2X". (7.38)
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The Hopf algebra U, (sl(2)) is generated by the elements K, K_, X, and X_ and
the unit element 7, that satisfy the relations,

K2 _K2
Xy, X ] = —F—+, (7.39)
q9—q
K. X. K =g 'Xy | (7.40)
K. K. =K K, =1I. (7.41)

The parameter g that appears in the right-hand side of the first two equations is
a complex number. It can be checked that the algebra U, (s/(2)) becomes a Hopf
algebra by defining the following costructures:

AXL)=XT®K, +K_ @Xy, A(K:)=K:i®Ks, (7.42)
e(Xy)=0, e(Ky) =1, (7.43)
S(X:)=—q"'Xs S(K+) = K+ (7.44)

If we set ¢ = " and K, = ¢"/2, then we see that in the limit ¢ — 1 we recover the
undeformed U (s/(2)) Hopf algebra.

The Hopf algebra U, (s/(2)) is not cocommutative; however, the noncocommu-
tativity is under control. If we consider / a formal parameter and allow in U, (s/(2))
formal power series in & (as we do when we consider ¢ /2) then there exists an
element % of U,(sl(2)) ® U,(sl(2)), called universal R-matrix, that governs the
noncocommutativity of the coproduct A,

o AQ)=RA %", (7.45)

where 0o is the flip operation, 6({ ® ) = & ® {. The element Z explicitly reads

wen & (1—q~2)" - n, n(n—
a=q" 3 L) VZ, L. oq iPx g2, (a6
n=0 :
where [n] = qqn:qq:ln,and [A]!'=[n][n—1]...1.

The universal Z-matrix has two further properties
(A ®id)%=%133?23, (id @ AR = % 13%)12, (7.47)

where we used the notation Z1o = Z I, B3 =1 Q X, and X153 = #* Q1 Q@ X,
where Z = #%* ® %, (sum over o understood).

A Hopf algebra with an invertible Z-matrix that satisfies (7.45) and (7.47) is
called a quasitriangular Hopf algebra. If in addition Z~! = %, then we have a
triangular Hopf algebra. From the invertibility of & and (7.45) and (7.47) it can be
shown that & satisfies the Yang—Baxter equation

2 R\3F23 = K3 K13 K12 - (7.48)
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7.5 Duality

Consider a finite-dimensional Hopf algebra A, the vector space A’ dual to A is also a
Hopf algebra with the following product, unit, and costructures [we use the notation
y(a) = (y,a) in order to stress the duality between A’ and A]: Vy,¢ € A’,Va,b € A

<l[/(]),(1> :<W®¢,A(l> ’ <Iva>:£(a)v (7.49)
<A(l]/),(l®b> = <W7ab> ) S(W) = <IV7I>7 (7.50)
<S(l//)va> = <l[/,S(Cl)>, (7.51)

where (W ® ¢ , a®b) = (y,a) (¢,b). Obviously (A’) = A and A and A’ are dual
Hopf algebras.

Consider for example the group algebra C[G]. As vector space it is the linear
span over C of the group elements g € G, each element being by definition linearly
independent. The product is the product in G extended by linearity to all C[G].
The group algebra C[G] is a Hopf algebra, the coproduct, counit, and antipode are
defined for all g € G as

Alg)=g®g, €lg)=1, S(g)=g¢" (7.52)

and extended as linear maps to all of C[G]. When G is a finite group then C[G] is
a finite-dimensional Hopf algebra; its dual is Fun(G). Indeed any complex-valued
function f € Fun(G) is extended by linearity to a complex-valued function on C[G].
Relations (7.49)—(7.51) are easily seen to hold for the group elements of C[G] and
extend by linearity to all C[G]. In the case that G is a finite abelian group then this
duality encompasses Pontryagin duality between G and the dual group G of one-
dimensional representations of G (see for example [21]).

In the infinite-dimensional case the definition of duality between Hopf algebras
is more delicate because the space of linear maps A’ does not naturally inherit a
coproduct, indeed the space A’ ® A’ (of finite sums Y | y; ® ¢;) does not coincide
anymore with (A ® A)'. We therefore use the notion of pairing: two Hopf algebras
A and U are paired if there exists a bilinear map (, ) : U ® A — C satisfying (7.49)
and (7.50), (then (7.51) can be shown to follow as well). We implicitly also always
assume that the pairing is non-degenerate, i.e.,

VyeU (y,a)=0=a=0 (7.53)

and
VaceA (y,a)=0=y=0. (7.54)

Condition (7.53) states that U separates the points (elements) of A and vice versa
for (7.54). If U and A are finite dimensional then (7.53) and (7.54) are equivalent
to A’ = U; indeed (7.53) induces the injection a — (,a) of A in U’, similarly, by
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(7.54) U C A’ and therefore A’ = U. Frequently in the literature Hopf algebras that
are paired are called dual. We follow this slight abuse of language.

The Hopf algebras Fun(G) and U(g) described in Sects. 7.3 and 7.4 are paired
if gis the Lie algebra of G. Indeed we realize g as left invariant vector fields on the
group manifold. Then the pairing is defined by

Vi€ g Vf € Fun(G), (t,f)=1(f)

iy

where 1 is the unit of G, and more in general by!

vit'..t" € U(g),Vf € Fun(G), (tr'..t", f)y=t(t"...(1" (1)),

G .

The pairing between the Hopf algebras Fun(SL(2)) and U (si(2)) holds also in
the deformed case, so that the quantum group SL,(2) is dual to U,(s/(2)). In order to
show this duality we introduce a subalgebra (with generators L™) of the algebra of
linear maps from Fun,(SL(2)) to C. We then see that this subalgebra has a natural
Hopf algebra structure dual to SL,(2) = Fun,(SL(2)). Finally we see in formula
(7.75) that this subalgebra is just U,(s/(2)). This duality is important because it
allows to consider the elements of U, (sl(2)) as (left invariant) differential operators
on SL,(2). This is the first step for the construction of a differential calculus on the
quantum group SL,(2).

The L* functionals
The linear functionals L*“,, are defined by their value on the elements 7'

L*,(T¢) = (L*,, T)) = R, (7.55)

where
(RM)“y =g 2R, (7.56)
(R =q"2(R™")%,,. (7.57)

The inverse matrix R~ ! is defined by

!'In order to see that relations (7.49), (7.50) hold, we recall that ¢ is left invariant if TL,(t| I ) =tlg,

where TL, is the tangent map induced by the left multiplication of the group on itself: L,g' = gg’.
We then have

(le = (TLeth, ) () =117 88))l, =11/ @ L@, = Fi()1(5)

hy

and therefore
) =16, =Thl, 1Al = GorAf).,

and

<t7fh> :[(f)‘lchhc +f‘lct(h)|lc = (A(t)’f®h> .
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_1ab - _qcd
R R, =8087 =R R, . (7.58)

To extend the definition (7.55) to the whole algebra A we set
L (ab) = L ,(a)L** ,(b), Va,b€A, (7.59)

so that, for example,
e

L* (T T¢)) = RE“ R (7.60)

In general, using the compact notation introduced in Sect. 2,

L{ (D Ts...T,) = RHRE,...RY, (7.61)

1n*

As is easily seen from (7.60), the Yang—Baxter equation (7.20) is a necessary
and sufficient condition for the compatibility of (7.55) and (7.59) with the RTT-
relations: Lli (Ri3ThT3 — T3ThRy3) = 0.

Finally, the value of L™ on the unit / is defined by
L (1) = 8. (7.62)
It is not difficult to find the commutations between L*“, and L*¢ ;:
RiLyLY = L{Li Ry, (7.63)

RpLy Ly =Ly Ly Ry2, (7.64)

where the product LfL?E is by definition obtained by duality from the coproduct in
A, foralla €A,
Ly Ly (a) = (Ly ® Li)A(a)

For example, consider

Ria(Ly L{)(T3) = Ria(Ly @L{)A(T3) = Riz(Ly @ L) (T3 ® T3) = g R12R32R31
(7.65)
and
L{Ly (T5)Ri2 = qR31R32R 12, (7.66)

so that Eq. (7.63) is proven for Lt by virtue of the Yang—Baxter equation (7.18),
where the indices have been renamed 2 — 1,3 — 2, 1 — 3. Similarly, one proves the
remaining “RLL" relations.

Note 7.5 As mentioned in [5], L' is upper triangular, L~ is lower triangular (this
is due to the upper and lower triangularity of R™ and R, respectively). From (7.63)
and (7.64) we have

b b b _b _b
L L =1, 0, LY L, =L, L = (7.67)

‘We also have
L=, =¢. (7.68)
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The algebra of polynomials in the L* functionals becomes a Hopf algebra paired
to SL,(2) by defining the costructures via the duality (7.55):

ALY ) (T @T¢) = L (T T ) = L (T )L™, (T¢)), (7.69)
e(L*) =L* (1), (7.70)
S(LY)(T¢) =L, (S(T<y)), (7.71)

cf. (7.50), (7.51), so that

A(L*)) =L* ;@ L*F (7.72)
e(L™") =&, (7.73)
S(LE ) =L*, 0S. (7.74)

This Hopf algebra is U,(s/(2)) because it can be checked that relations (7.63),
(7.64), (7.67), and (7.68) fully characterize the L* functionals, so that the algebra of
polynomials in the symbols L=, that satisfy the relations (7.63), (7.64), (7.67), and
(7.68) is isomorphic to the algebra generated by the L* functionals on U,(sl(2)).
An explicit relation between the L™ matrices and the generators X* and K* of
U,(sl(2)) introduced in the previous section is obtained by comparing the “RLL”
commutation relations with the U, (s/(2)) Lie algebra relations; we obtain

(K- g Vg-q")xe _ K. 0
L _(O K, , L= P =X K. . (7.75)

7.6 Quantum Lie algebra

‘We now turn our attention to the issue of determining the Lie algebra of the quantum
group SL,(2), or equivalently the quantum Lie algebra of the universal enveloping
algebra U, (s1(2)).

In the undeformed case the Lie algebra of a universal enveloping algebra U (for
example, U(sl(2))) is the unique linear subspace g of U of primitive elements, i.e.,
of elements y that have coproduct (I denotes the unit in the algebra):

Alx)=x@I+Ixy . (7.76)
Of course g generates U and g is closed under the usual commutator bracket [, |,
[uy| =uu—vuecg forallu,veg. (7.77)

The geometric meaning of the bracket [, v] is that it is the adjoint action of g on g,
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[u,v] = ad, v, (7.78)

ad,v:=uvS(uy), (7.79)

where we have used the notation A(u) = Y, u1, ® up, = u; ® ua, so that a sum
over o is understood. Recalling that A (¢) = u® 1+ I Q@ u and that S(u) = —u, from
(7.79) we immediately obtain (7.78). In other words, the commutator [u,v] is the Lie
derivative of the left invariant vector field u on the left invariant vector field v. More
in general the adjoint action of U on U is given by

ad: £ =&18S(&) , (7.80)

where we used the notation (sum understood) A(&) =& ® &, .

In the deformed case the coproduct is no more cocommutative and we cannot
identify the Lie algebra of a deformed universal enveloping algebra U, with the
primitive elements of Uy, they are too few to generate U,. We then have to relax
this requirement. There are three natural conditions that according to [9] the g-Lie
algebra of a g-deformed universal enveloping algebra U, has to satisfy, see [12, 19]
and [20], p. 41. It has to be a linear subspace g, of U, such that

i) g4 generates U, , (7.81)
ii) A(8q) C 8q@1+Uq(s1(2))g @84, (7.82)
iii) (24,84 C &g - (7.83)
Here now A is the coproduct of U, and [, | denotes the g-bracket
[u,v] = ad, v = u1vS(uz), (7.84)

where we have used the coproduct notation A(u) = u; ® up. Property iii) is the
closure of g, under the adjoint action. Property ii) implies a minimal deformation
of the Leibniz rule.

From these conditions, that do not in general single out a unique subspace g, it
follows that the bracket [, v] is quadratic in u and v, that it has a deformed antisym-
metry property, and that it satisfies a deformed Jacobi identity.

In the example U, = U,(s/(2)) we have that a quantum s/(2) Lie algebra is
spanned by the four linearly independent elements

. 1 _
K= IS b)) (7.85)

In the commutative limit ¢ — 1, we have x5 = — x|, = H/2, x, =X, x4 =X
and we recover the usual s/(2) Lie algebra.



124 Paolo Aschieri

The g-Lie algebra commutation relations explicitly are
4_ 2 _ 3
X =200 (@ =) e =a X1

0x-—x-x— (@ —Dx-x=—ax-
X1x2— X220 =0,
X x-—x-x+— (L= e+ (=) = a0 — x2),
XX+ — q2)6+%2 =—qX+,
Xox-—4a x-x0=9"21

where we used the composite index notation

a by i L.
1(12—>i7 b —J and 171_1a+7_72~

These g-Lie algebra relations can be compactly written [12]
i 2] = Xixi — A"ixsxr s (7.86)

thre Ag? d”fz Cclzbziz = S(L*h'al)L*“iQ(TCL‘ilS(TdCZZ)). The g-Jacobi identities then
rea
Dt 1t 201) = [t 270 261+ AV D 201) - (7.87)

7.7 Deformation by twist and quantum Poincaré Lie algebra

In this last section, led by the example of the Poincaré Lie algebra, we review a quite
general method to deform the Hopf algebra U (g), the universal enveloping algebra
of a given Lie algebra g. It is based on a twist procedure. A twist element .% is an
invertible element in U(g) ® U(g). A main property .% has to satisfy is the cocycle
condition

(FNARQId)F =(I.F)(IdRA)TF . (7.88)

Consider for example the usual Poincaré Lie algebra iso(3,1):
[Pu»Pv] =0 5
[PpyMuv] = i(npqu_Tlpqu) ) (7.89)
[Muv»MpO'] = _i(rluvao - nychp - nvauc + nvoMup)- (7.90)

A twist element is given by _
T = 10" Pushy (7.91)

)

2 Relation to the conventions of [9, 12] (here underlined): Xi= —s1 X f)" =g! fj.
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where 01V (despite the indices (v notation) is a real antisymmetric matrix of di-
mensionful constants (the previous deformation parameter ¢ was a constant too).
We consider 6"V fundamental physical constants, like the velocity of light ¢, or like
h. In this setting symmetries will leave 6"V ¢, and # invariant. The inverse of .7 is

ﬁ = e%ie'uvPH(gPV )

This twist satisfies the cocycle condition (7.88) because the Lie algebra of momenta
is abelian (for a proof see (8.8) and (8.9)).

The Poincaré Hopf algebra U~ (iso(3,1)) is a deformation of U (iso(3,1)), as
algebras U7 (iso(3,1)) = U((iso(3,1)); but U7 (iso(3,1)) has the new coproduct

AT (&) =TFAE)TF ", (7.92)

for all & € U(iso(3,1)). The coassociativity property (7.6) for A” holds because
of the cocycle condition (7.88) for .% (for a proof see for example [21]). In order
to write the explicit expression for A7 (P,) and A7 (M), we use the Hadamard
formula
oo oo n
AdpxY =y eX=Y 1' X, X, X, Y] =3 (adx)
R —_—_——

n=0""" n=0
n

Y

n!

and the relation [P® P',M ® 1] = [P,M] ® P', and thus obtain [22, 23]
A7 (Py) = Pu@I+1®P,,
A7 (Myy) = Myy @1 +1@ My (7.93)
- %9“’3 ((NagPy = TlavPy) © Py + Pa @ (M Py = NpyF)) -
We have constructed the Hopf algebra U~ (iso(3,1)): it is the algebra generated by

M,y and P, modulo the relations (7.89) and with coproduct (7.93) and counit and
antipode that are as in the undeformed case:

e(Py) =€Mpyuy) =0, S(Py)=—Py, S(Myy)=—-Myy . (7.94)

This algebra is a symmetry algebra of the noncommutative spacetime £#£¥ — £V gH =
oY,

In general given a Lie algebra g, and a twist & € U(g) ® U(g), formula (7.92)
defines a new coproduct that is not cocommutative. We call U (g)y the new Hopf
algebra with coproduct A7, counit €7 = ¢, and antipode S7 that is a deformation
of § [24, 25].3 By definition as algebra U(g)” equals U(g), only the costructures
are deformed.

3 Explicitly, if we write . = f* @, (sum over o understood) and define the element y = f*S(f,,)
(that can be proven to be invertible) then for all elements & € U(g), 7 (&) = xS(E)x L.
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We now construct the quantum Poincaré L1e algebra iso’ (3 1). Following the
previous section, the Poincaré Lie algebra iso” (3,1) must be a linear subspace of
U7 (iso(3,1)) such that if {#;};—1._, is a basis of iso” (3, 1), we have (sum under-
stood on repeated indices)

i) {;} generates U7 (iso(3,1))
i) A7 () =41+ f @1
iii) [ti,lj]g; = C,'jk[k
where C;;¥ are structure constants and f;/ € U7 (iso(3,1)) (i, j = 1,...,n). In the last
line the bracket [, | ; is the adjoint action:

t,0], =ad” ' =1 ,1'S(tr,,) (7.95)

where we used the coproduct notation A7 (1) = 1, # @12, The statement that the
Lie algebra of U7 (iso(3,1)) is the undeformed Poincaré Lie algebra (7.89) is not
correct because conditions ii) and iii) are not met by the generators P, and M.
As we discuss in the next chapter (see in particular Sect. 8.2.3.1), there is a canon-
ical procedure [13] in order to obtain the Lie algebra iso” (3,1) of U7 (iso(3,1)).
Consider the elements

Pl =t (P)fu =Py, (7.96)

7 = - i
My, = £ (Myy)fo = Myy — EGPG[P,J,MM]PG
1
= Myy + Eepc(nuva —NvpPyu)Ps. (7.97)

Their coproduct is

A7 (Py) =Py @I+I®P,

o

AT (M]) = M, @1 +1@ M, +i0°P P, @ [Pg, Myy) . (7.98)
The counit and antipode are
_ TN
S(P}l) - S(Myv) =0 ’
S(Py)=—Pu , S(MJ,)=—My,—i6° [Py, My |Ps . (7.99)

uv

The elements P7 and M7, L1v are generators because they satisfy condition i) (indeed
My, = Muv ’ OP"[PP,M 7 |P). They are deformed infinitesimal generators be-
cause they satisfy the Leibniz rule ii) and because they close under the Lie bracket
iii). Explicitly

[PH7PV].:7 = O ?

[PpaMyv].¢ = i(MpuPv —NpvFyu),
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[M,uvaMpG]y = _l(nuvao - n[J.(FMvp - anMyo + nVGM/_Lp) . (7100)

We notice that the structure constants are the same as in the undeformed case;

however, the adjoint action [M;,%,Mﬂpi]_g is not the commutator anymore, it is a

deformed commutator quadratic in the generators and antisymmetric:
[P;,,PV],,; = [Puapv]a
[PP’ij]ﬁ = [PP’ij] )

(M7, M5 = M7y, M) = i0°F [Py, Mpo] [P, Myy] . (7.101)

From (7.100) we immediately obtain the Jacobi identities:

/ 7

6,107 ] + 1 [0 ), + 1", ], =0, (7.102)

forallz,¢',t" € iso” (3,1).

Appendix
7.8 Algebras, coalgebras, and Hopf algebras

In the introduction we have motivated the notion of Hopf algebra. We here review
some basic definitions in linear algebra and show how Hopf algebras merge algebra
and coalgebra structures in a symmetric (specular) way [26, 27], [21].

We recall that a module by definition is an abelian group. The group operation is
denoted + (additive notation). A vector space A over C (or R) is a C-module, i.e.,
there is an action (4,a) — Aa of the group (C — {0}, -) on the module A,

AMVa=A(A'a) , la=a, (7.103)

and this action is compatible with the addition in A and in C, i.e., it is compatible
with the module structure of A and of C:

Aa+d)=2ra+Ad , (A+A)a=Ala+1a. (7.104)

In order to introduce the tensor product V @ W of two vector spaces V and W,
we consider the vector space F(V,W) freely generated by the points of V x W; a
generic element of F(V,W) is a finite sum Y; A;(v;,w;) where A; € C, and the set of
all points (v,w) € V x W is a basis of F(V,W). In F(V,W) we consider the subspace
R(V,W) generated by the elements

A(v,w) = (Avw), A(v,w)— (1 Aw), (7.105)
v+ w) = (w) =, w),  (w+w)—(,w)—(mw) .  (7.106)
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The quotient F'(V,W)/R(V,W) is the tensor product space V @ W. The equivalence
class of the element (v,w) is denoted v ® w, and from the definition of R(V,W) we
have

Avew)=(A)ew=ve(Aw),
V) ew=vaw+Vew, vea(w+w)=vawt+vaw .

From the definition of V @ W it follows that a generic element F € V @ W is a finite
sum (over the index o) F = f* ® f,, of elements f* €V, fo, € W.If V and W are
finite dimensional and dimV = m, dimW = n, then dim(V @ W) =n-m.

The tensor space V ® W can also be defined categorically: given V,W,U vector
spaces, to any map [ : V x W — U linear in V and in W, there correspond a unique

map [: VQW — U, such that [(v,w) = [(v@w).

An algebra A over C with unit 7 is a vector space over C with a multiplication
map that we denote - or (,
U:AXA—A (7.107)

that is C-bilinear: (Aa)- (1'b) = AA'(a- b), that is associative and that for all a
satisfiesa-I =1-a=a.

These three properties can be stated diagrammatically. C-bilinearity of the prod-
uct i : A X A — A is equivalently expressed as linearity of the map 4 : A®A — A.
Associativity reads,

ARARA M AnA

w|

ApA M 4

Finally the existence of the unit / such that for all a we have a- I =1-a=a is
equivalent to the existence of a linear map

i:C—A (7.108)
such that o
CoRA 27, AgA
-| al
A L) A
and
ARC 9, AgA
-| al
id
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where ~ denotes the canonical isomorphism between A ® C (or C® A) and A. The
unit / is then recovered as i(1) = 1.

A coalgebra A over C is a vector space with a linear map A : A — A®A that is
coassociative,
(idA)A = (ARid)A

and a linear map € : A — C, called counit that satisfies
(idoe)A(a) = (e®id)A(a) =a .

These properties can be expressed diagrammatically by reverting the arrows of the

previous diagrams:

AQAQA A% A0A

aoa] i

AA <2 4

CRA <24 AgA

| 8]

A Ml
and

CRA <22 AxA

| ]

A 4 A

We finally arrive at the following:

Definition A bialgebra A over C is a vector space A with an algebra structure and a
coalgebra structure that are compatible, i.e.,

1) the coproduct A is an algebra map between the algebra A and the algebra A ® A,
where the productin A ®A is (a®b)(c®d) = acRbd,

A(ab) = A(a)A(b), A(I)=I®]I. (7.109)
2) The counit € : A — C is an algebra map

e(ab) =¢€(a)e(b), e(I)=1. (7.110)
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Definition A Hopf algebra is a bialgebra with a linear map S : A — A, called
antipode (or coinverse), such that

u(S®id)A(a) = u(id®S)A(a) = €(a)l . (7.111)
It can be proven that the antipode S is unique and antimultiplicative

S(ab) = S(b)S(a) .

From the definition of bialgebra it follows that t : A®A — A andi:C — A are
coalgebra maps, i.e., Ao =UR@U0A, eQU=€and Aoi=iRioAc, €ci=¢€C,
where the coproduct and counit in A ® A are given by A(a®b) = a; @b ® ar by
and € = € ® €, while the coproduct in C is the map Ac that identifies C with C® C
and the counit is €c = id. Vice versa if A is an algebra and a coalgebra and y and i
are coalgebra maps then it follows that A and € are algebra maps.

One can write diagrammatically Egs. (7.109), (7.110), (7.111) and see that the
Hopf algebra definition is invariant under inversion of arrows and exchange of struc-
tures with costructures, with the antipode going into itself. In this respect the algebra
and the coalgebra structures in a Hopf algebra are dual (specular). This property im-
plies that the space H' of linear maps of a finite-dimensional Hopf algebra H is a
Hopf algebra itself (cf. Sect. 7.5).

7.9 Hopf algebra twists

Definition A twist of a Hopf algebra H is an element .%# € H ® H that is invertible,
that satisfies the cocycle condition

(ZFeH(ARid)F =1 .F)(ildRA)F (7.112)
and that is properly normalized, i.e.,
(d@e)F =(e®id)F =1®1. (7.113)

In this book we consider twists .% of Hopf algebras Ug that are universal en-
veloping algebras (or of quantum universal enveloping algebras U, g as in Sect. 9.3.2).
In order for these elements .% (that are typically the exponential of elements in g® g)
to be mathematically well-defined twists, some care is needed. The aim of this sec-
tion is to show that, in the deformation quantization context we use, these elements
Z are well-defined examples of Hopf algebra twists.

We have considered algebras A over the field C. More in general we can consider
algebras over a commutative ring R. We recall that a commutative ring R is a mod-
ule with a map 1 : R x R — R that is associative and commutative and compatible
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with the module structure, i.e., the product u is distributive over the addition +; we
consider rings with unit element 1 € R.

An algebra A over a commutative ring R is an R-module, i.e., it is a module that
satisfies the properties (7.103) and (7.104) (with A € R rather than C) and with the
multiplication map U : A X A — A that is R-bilinear.

An example of ring is the ring C[[4]] of formal power series in & over C. The
universal enveloping algebra Ug of the Lie algebra g is an algebra over C, while
Ugl[h]] (formal power series in i over Ug) is an algebra over C[[A]].

We now observe that the tensor product construction U @ W holds also if V and
W are R-modules, just consider A,A” € R in (7.103) and (7.104). In particular we
can consider Ug|[h]] ® Ug|[h]], where the tensor product is over C[[A]].

We can now show that in this context the twists .% we consider in this book
are well-defined twists because .% are elements of Ug[[h]] ® Ug|[h]]. For example,
consider the abelian Lie algebra of partial derivatives d, on Minkowski space and

the twist ,
T — - 5HOHY 2y

The exponential is considered a formal power series expansion in A,

T g O Sy
n i\"
-3 <_2> OMYI . OMY gy Dy @Dy, ... Dy, (1.114)

the coefficient of 4" is a finite sum of elements of Ug ® . Ug, this shows that .% is
an element of (Ug @ Ug)[[h]]. Obviously (Ug®. Ug)[[h]] = Ug[[h]]®,, Uslhll,
and therefore .7 is indeed a twist of the Hopf algebra Ug|[h]] (over the ring C[[A]]).

Notice that on the other hand if we consider # a complex number then strictly
speaking .%# does not belong to Ug ® U g (tensor product over C) because the expo-
nential gives an infinite sum of elements of Ug.

These subtleties can frequently be ignored in physical applications. There one
considers Lagrangian field theories where fields are x-multiplied. These theories
are deformations of usual field theories. Quite a few aspects of these theories can
be understood by considering a power series expansion in the noncommutativity
parameter. In this case one neglects terms higher than a fixed one, say /", in the
action functional. Then & can be considered a (possibly small) real number and
0"V are dimensionful parameters responsible for new interaction terms (interaction
terms in the action due to the noncommutativity of spacetime).
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Chapter 8
Noncommutative Symmetries and Gravity

Paolo Aschieri

Spacetime geometry is twisted (deformed) into noncommutative spacetime geome-
try, where functions and tensors are now star multiplied. Consistently, spacetime dif-
feomorphisms are twisted into noncommutative diffeomorphisms. Their deformed
Lie algebra structure and that of infinitesimal Poincaré transformations is defined
and explicitly constructed. We can then define covariant derivatives (that implement
the principle of general covariance on noncommutative spacetime) and torsion and
curvature tensors. With these geometric tools we formulate a noncommutative the-
ory of gravity.

8.1 Introduction

The study of the structure of spacetime at Planck scale, where quantum gravity ef-
fects are non-negligible, is a main open challenge in fundamental physics. Since the
dynamical variable in Einstein general relativity is spacetime itself (with its metric
structure) and since in quantum mechanics and in quantum field theory the classical
dynamical variables become noncommutative, one is led to conclude that noncom-
mutative spacetime is a feature of Planck scale physics. This expectation is further
supported by Gedanken experiments that aim at probing spacetime structures at
very small distances. They show that due to gravitational backreaction one cannot
test spacetime at Planck scale. For example, in relativistic quantum mechanics the
position of a particle can be detected with a precision at most of the order of its
Compton wavelength A¢ = 7i/mc. Probing spacetime at infinitesimal distances im-
plies an extremely heavy particle that in turn curves spacetime itself. When A¢ is of
the order of the Planck length, the spacetime curvature radius due to the particle has
the same order of magnitude and the attempt to measure spacetime structure beyond
Planck scale fails.

Gedanken experiments of this type support finite reductionism. They show that
the description of spacetime as a continuum of points (a smooth manifold) is an

Aschieri, P.: Noncommutative Symmetries and Gravity. Lect. Notes Phys. 774, 133-164 (2009)
DOI 10.1007/978-3-540-89793-4_8 (© Springer-Verlag Berlin Heidelberg 2009
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assumption no more justified at Planck scale. It is then natural to relax this assump-
tion and conceive a more general noncommutative spacetime, where uncertainty
relations and discretization naturally arise. In this way one can argue for the impos-
sibility of an operational definition of continuous Planck length spacetime (i.e., a
definition given by describing the operations to be performed for at least measuring
spacetime by a Gedanken experiment). A dynamical feature of spacetime could be
incorporated at a deeper kinematical level.

As an example compare Galilean relativity to special relativity. Contraction of
distances and time dilatation can be explained in Galilean relativity: they are a con-
sequence of the interaction between ether and the body in motion. In special relativ-
ity they have become a kinematical feature.

This line of thought has been anticipated by Riemann, see Sect. 1.1, considered
in [1], and more recently in [2—17] (see also the review [18]).

We also notice that uncertainty relations in position measurements are in agree-
ment with string theory models [19-25] and that non-perturbative attempts to de-
scribe string theories have shown that a noncommutative structure of spacetime
emerges [26].

A first question to be asked in the context we have outlined is whether one can
consistently deform Riemannian geometry into a noncommutative Riemannian ge-
ometry. In this chapter we address this question. We construct a noncommutative
version of differential and of Riemannian geometry and obtain the noncommutative
version of Einstein equations.

We consider noncommutative deformations of the algebra of functions on a
smooth manifold M obtained by deforming the usual pointwise product to a *-
product. It is possible to consider a wide class of x-products. These x-products are
associated with a twist .# of the Lie algebra of infinitesimal diffeomorphisms on
the smooth manifold M. For pedagogical reasons in this chapter we treat mainly the
case of constant noncommutativity, x* xxV — x¥ xx* = iO"*V, and we assume that
commutative spacetime as a manifold is R*. The general case is discussed in [16]
([27]). In this case the twist .% is arbitrary; it is tempting to introduce equations of
motion for .% and thus describe a spacetime geometry where both the metric aspect
and the noncommutative aspect are dynamical.

As argued, noncommutativity should be relevant at Planck scale; however, the
physical phenomena it induces can also appear at lower energies. Consider for ex-
ample the perturbations responsible for structure formation and for the temperature
anisotropies in the cosmic microwave background radiation. They arise as quantum
fluctuations during the inflationary epoch and are stretched to cosmological scales
by the exponential expansion. Hence these perturbations are sensitive to physics at
distances at least as small as the horizon size during inflation which is not far from
Planck scale. Noncommutativity of spacetime at inflation scale leads to quadrupole
moment contributions to the cosmic microwave background spectrum [28].
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Another interesting study is the formulation of the noncommutative analogue of
the Friedmann—Robertson—Walker spacetime, as well as of other classical solutions
of the Einstein equations.

Even without physical motivations, the mathematical structure of deformed
spaces is a challenging and fruitful research arena. It is very surprising how well
*-noncommutative structures can be incorporated in the framework of differential
geometry.

Structure of the chapter .

In Sect. 8.2 we introduce the twist .% = ¢~ 29""9%®% The general notion of twist
is well known [29, 30]. Multiparametric twists appear in [31]. In the context of de-
formed Poincaré group and Minkowski space geometry twists have been studied
in [32-36] (multiparametric deformations) and in [37-43] (Moyal-Weyl deforma-
tions).

Given a twist . we state the general principle that allows to construct noncom-
mutative products by composing commutative products with the twist .%. In this
way we obtain the algebras of noncommutative functions, tensor fields, exterior
forms, and diffeomorphisms. Noncommutative diffeomorphisms are then shown to
naturally act on tensor fields and forms. We study in detail the notion of infinitesimal
diffeomorphism and the corresponding notion of deformed Lie algebra.

In Sect. 8.3 we present the example of the Poincaré symmetry, give explicitly the
infinitesimal generators and their deformed Lie bracket, and explain the geometric
origin of the latter. The generators and the bracket differ from the ones usually
considered in the literature.

In Sect. 8.4 we use the noncommutative differential geometry formalism intro-
duced in Sect. 8.2 and develop the notion of covariant derivative and of torsion,
curvature, and Ricci curvature tensors.

In Sect. 8.5 a metric on noncommutative space is introduced. The correspond-
ing unique torsion-free metric compatible connection is used to construct the Ricci
tensor and obtain the Einstein equations for gravity on noncommutative spacetime.

In Appendix 8.6 we show that the algebra of differential operators is not a Hopf
algebra, and we relate it to the Hopf algebra of infinitesimal diffeomorphisms.

8.2 Deformation by twists

A quite general procedure in order to construct noncommutative spaces and
noncommutative field theories is that of a twist. The ingredients are

I) A Lie algebra g.
II) An action of the Lie algebra on the space one wants to deform.

D) A twist element .7, constructed with the generators of the Lie algebra g.
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8.2.1 The twist F

A twist element .% is an invertible element in Ug ® Ug, where Ug is the universal
enveloping algebra of g. Ug is a Hopf algebra, in particular there is a linear map,
called coproduct

A:Ug—UgUg. 8.1

For every Lie algebra element 7 € g we have'
A)=11+1®1. (8.2)
The coproduct A is extended to all Ug by defining
Aty =A0A() =t @1 +1@f +1 @1+ 1@t

and more generally A (¢t ...t") = A(t)A(¢') ... A(¢"). The main property .# has to
satisfy is the cocycle condition

(Fo)(A®id).F =(10.F)(idRA)F . (8.3)

If g is the Lie algebra of vector fields on spacetime M = R*, or simply the subal-
gebra spanned by the commuting vector fields d/dx*, we can consider the twist

i o) a
F=e 2 qm5w (8.4)

with O#Y an antisymmetric constant matrix. The inverse of .Z is

_ iguv 9 o 9
F l:eze 9xu®3xv .

The star product between functions can be obtained from the usual pointwise
product via the action of the twist operator, namely,

fxg:=uoF (fryg), (8.5)

where p is the usual pointwise product between functions, u(f ®g) = fg.

Despite the v index notation, we will consistently consider the entries 4" of
the antisymmetric matrix 0 as fundamental dimensionful constants, like ¢ or 7. In
particular the deformed spacetime symmetries we consider will leave invariant the
0 matrix. The point is that the exponent of .7,

0 0
w_ 9 o 9
0 oxH © axVv

! In this chapter for ease of notation we denote the unit of Ug simply by 1 (and not by I as in the
previous chapter).



8 Noncommutative Symmetries and Gravity 137

is not the Poisson tensor associated with the x-product. The difference lies in the
tensor product ®. The Poisson tensor is

) P
uv
O S @5 (8.6)

where we have explicitly written that the tensor product is over the algebra A =
Fun(R*) of smooth functions on spacetime. On the other hand the tensor product in
Z is over the complex numbers, we should write

_iguv_d_ 9
F =e 26 JxH ®c axvV |

That is why 6*" in .% is not a tensor but a set of constants. In this respect, a better

notation for .% is

F = 7 K 8.7)

where a,b=1,...,4 and X| = % ooy X4 = % are globally defined vector fields
on spacetime.

It is easy to prove that .7 satisfies the cocycle condition (8.3). Since the coproduct
A is multiplicative we have

(A@id)F =e 1" AGm0aw — 40" (Gre19ar 195 o5y)  (8.8)
and therefore, since partial derivatives mutually commute,

(Fo1)(A0id)F = 1 Greaveltagpeiogiogmesy) (39
The right-hand side of (8.3) is easily proven to coincide with this expression.

We shall frequently use the notation (sum over &« = 1,2, ..., o0 understood)
F =t"2fy, F'=F"0T,, (8.10)

where, for each value of ¢, % and f,, are two distinct elements of U g (and similarly
f% o € Ug). Explicitly these elements are

yil = e%eyvﬁ®%
1 /i\"
-3 (; OHIVI M Vi) . Dy @0y, ... Oy,
!
— %, . (8.11)

From this expression we also see that ¢ is a multi-index, it runs over all the values of
the indices v, vV, ViV,vs, ... Using this notation the x-product between functions
reads

frg=T"(Ffals) - (8.12)
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We also introduce the universal Z-matrix
R = Fpn F ", (8.13)
where by definition .%; =, @ f%. In the sequel we use the notation
#=R*@Ry, %' =R"@Rq. (8.14)

In the case of the twist (8.4) we simply have % = .% 2 but for more general twists
this is no more the case. The Z-matrix measures the noncommutativity of the x-
product. Indeed it is easy to see that due to the antisymmetry of 64V, T% (h)f 4 (g) =
£%(g)f o (h). Since Z~! = .Z? it then immediately follows that

hxg=R"(g)*Ry(h) . (8.15)

Note 8.1 Since elements of the tensor product Ug ® Ug by definition are finite
linear combinations of elements £ ®  where £, € Ug, the twist .Z strictly speak-
ing does not belong to Ug ® Ug, because, due to the exponential, an infinite sum
over ¢ is understood in expressions (8.10). As we explain in Appendix 7.9, the cor-
rect mathematical definition is to introduce a formal parameter /4, then, denoting by
C[[h]] the ring of power series in & with coefficients in C, and by Ug[[h]] the al-
gebra of power series in & with coefficients in Ug, we have the well-defined twist

_ipguv 2 9
F=e P 2T e Ugllhl] @c(m Usgl[h]] -

The need for the formal parameter 4 can also be seen from the definition of the
*-product. If f and g are polynomial functions in the x* coordinates then f *g
(without formal parameter 4) is again a well-defined polynomial function. However,
more in general, for smooth functions f and g, the existence of the function f* g
(with no formal parameter % in the x-product) depends on the convergence of the
series f * g. Therefore, in this case the x-product is not a well-defined product on
the algebra of smooth functions. On the other hand if we work in the deformation
quantization context, f and g belong to Fun(R*)[[4]], the algebra of formal power
series in & with coefficients in the space of smooth functions Fun(R*). Then fxg is
automatically in Fun(R*)[[A]].

In this book we usually omit writing explicitly the deformation parameter z and
we include it in the definition of 6*Y. Moreover frequently we expand the action
functional or the equations of motion at a given order 7 in & (or O*) thus the twists
Z and the star product can be approximated by considering only the first n order
terms in their 84" expansion.

Note 8.2 We can consider twists and x-products on arbitrary manifolds not just
on R*. For example, given a set of mutually commuting vector fields {X,} (a =

1,2,...,n) on a d-dimensional manifold M, we can consider the twist

F = e 10UXa®Xy | (8.16)
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The proof (8.9) of the cocycle condition for .# holds also in this case, indeed for the
proof one only needs the Lie algebra elements X, to be mutually commuting. The
class of x-products that can be obtained from these type of twist .% (named abelian
twists) is quite rich. For example, on R? we can obtain star products that give the
commutation relations xxy = gyxx with ¢ € C, and similarly in R” (see for example
[16]).

Another example of twist is .Z = e 2H®INI+2E) where the vector fields H and E
satisfy [H,E] = 2E. In these cases too the x-product defined via (8.5) is associative
and properly normalized.

In general an element % of Ug ® Ug is by definition a twist if it is invertible, if
it satisfies the cocycle condition (8.3), and if it is properly normalized, i.e.,

(idoe)7 = (e®id)F =101, (8.17)

where € : Ug — C is the counit map. € is the linear and multiplicative map defined
by €(1) = 1 and by £(¢) = 0 for all ¢ € g, cf. (7.34). The normalization condition
(8.17) implies the normalization property of the x-product f*1 = 1% f = f. On the
other hand the cocycle condition (8.3) implies associativity of the x-product.

In the remaining of this note we present a proof of this statement. It can be
omitted in a first reading. We begin by inverting relation (8.3) and we obtaln
(A®id)F T, = ((id2A).F 1) F5" . Equivalently, using the 7 ! =T ®f,
notation,

P 0Ty 0fa =T 0Ty T’ 0wl .
Here we used Sweedler’s notation for the coproduct, forall { e Ug, A(&) =& ® &
(a sum over & and &, is understood). We recall that the coproduct A (&) follows
from the coproduct A(¢) =t ® 1+ 1®1 for the Lie algebra elements t € g C Ug.
This latter coproduct implies the Leibniz rule #(fh) = ¢(f)h+ ft(h), and henceforth
E(fh) =& 1(f)&E(g). Then we compute, for arbitrary functions f, g, h,

(fxg)xh =T (F)Ep(9))Ealh) = E7F°) (1) EFp) (@)Falh)
7 = B 3 = =B
= () Fen ) (&) T Tp) () = T () (F (2)F (1)
= f*(gxh).
The point of this proof is that it uses only the twist cocycle property (8.3) and prop-
erty II) stated at the very beginning of this section, i.e., an action of the Lie algebra

g (and henceforth of Ug) on the algebra of functions. The algebra of functions is
said to be a U g-module algebra [29] (see also [46], and [16]).

8.2.2 x-Tensor algebra

We now use the twist to deform the commutative geometry on spacetime (vec-
tor fields, 1-forms, exterior algebra, tensor algebra, symmetry algebras, covariant
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derivatives, etc.) into the twisted noncommutative one. The guiding principle is the
observation that every time we have a bilinear map

n:XxY—Zz,

where X,Y,Z are vector spaces, and where there is an action of the Lie algebra g
(and therefore of .Z ~!) on X and Y we can combine this map with the action of the
twist. In this way we obtain a deformed version i, of the initial bilinear map u:

W =poZ ", (8.18)

W : X XY —=2Z
(X’Y) = “*(va) = :u(?a(x)v?a(y)) :

The cocycle condition (8.3) implies that if ¢ is an associative product then also i,
is an associative product.

Algebra of Functions A,. If X =Y = Z = Fun(M) where A = Fun(M) is the space
of functions on spacetime M, we obtain the star product formulae (8.5) and (8.12),

o = 1 /i\"
frg=1 (f)fa(g)—2<’) OHIY 089y, .0y, (f) Oy, - Oy, (8) -

~n! \2
(8.19)
The *-product is associative because of the cocycle condition (8.3). We denote by A,
the noncommutative algebra of functions with the x-product. Notice that to define
the *-product we need condition II), the action of the Lie algebra on functions. In
this case it is given by the Lie derivative. In the sequel we will always use the Lie
derivative action.

Vector fields =,. We now deform the product 1 : A ® & — = between the space
A = Fun(M) of smooth functions on spacetime M and vector fields. A generic vector
field is v = vV, . Partial derivatives act on vector fields via the Lie derivative action

A (v) = [Dv] = 3 (v*)dy - (8.20)

According to (8.18) the product it : A® = — = is deformed into the product

hxv=T%(h)fo(v). (8.21)
Since Z ! = 29" %@ jterated use of (8.20) gives
hxv =T (Mo (v) =T (W) fa(v")dy = (hx1v")dy . (8.22)

It is then easy to see that i (gxv) = (hxg) *v. We have thus constructed the A,
module of vector fields. We denote it by =,. As vector spaces = = =Z,, but = is an
A module while =, is an A, module.
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1-forms €2,. The space of 1-forms 2 becomes also an A, module, with the product
between functions and 1-forms given again by following the general prescription
(8.18):

hxo =T (W) (o). (8.23)

The action of f, on forms is given by iterating the Lie derivative action of the vector
field dy, on forms. Explicitly, if @ = wydx" we have

(@) = Iy (wy)dx¥ (8.24)
and @ = wydx" = oy *dxH.
Functions can be multiplied from the left or from the right, if we deform the
multiplication from the right we obtain the new product
oxh:=T"(0)f(h) (8.25)
and we “move & to the right” with the help of the R-matrix,
©+h=R"*(h)*Ry () . (8.26)
We have defined the A,-bimodule of 1-forms.

Tensor fields .7,. Tensor fields form an algebra with the tensor product ®. We define
7, to be the noncommutative algebra of tensor fields. As vector spaces .7 = .7, the
noncommutative tensor product is obtained by applying (8.18):

1@, 7 =1 (1) ®@T(7). (8.27)
Associativity of this product follows from the cocycle condition (8.3).

Notice that d, ®, dy = dp @ Jy because the partial derivatives of % applied on
dp give zero. More in general, if we consider the local coordinate expression of two
tensor fields, for example, of the type

T=Th g, @, O,

U=, ®, .y,

then their -tensor product is
T@, T = ka1 Vg @, ... Oy, @k Oy, @s... 0y, . (8.28)
There is a natural action of the permutation group on undeformed tensor fields:
917 51791,

In the deformed case it is the R-matrix that provides a representation of the permu-
tation group on *-tensor fields:
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1 %% B0, 5
TRy T —> R (T') @Ry (7).

It is easy to check that, consistently with o4 being a representation of the permuta-
tion group, we have (o:@)2 = id. Indeed we have Z~! = %,,, i.e., the Z-matrix is
triangular.

Exterior forms Q; = ¢,Q/. Exterior forms form an algebra with product A : Q" x
Q" — Q. We x-deform the wedge product into the x-wedge product,

VA =T () AT () . (8.29)

We denote by €2, the linear space of forms equipped with the wedge product A,.
As in the commutative case exterior forms are totally x-antisymmetric contravari-
ant tensor fields. For example, the 2-form @ A, @' is the x-antisymmetric combina-
tion
ON 0 =02, 0 —R*(0) Ry (0) . (8.30)

Since the Lie derivative and the exterior derivative commute, the usual exterior
derivative d : A — (2 satisfies the Leibniz rule

d(hxg) = dhxg+hxdg (8.31)

and is therefore also the x-exterior derivative. On higher forms too the usual exterior
derivative satisfies the Leibniz rule d(9 A, ©) = d© A, ¥ 4 (—1)1P19 A, d© and
is therefore also the x-exterior derivative. Due to the commutativity between Lie
derivative and exterior derivative it turns out that the de Rham cohomology ring is
undeformed.

*-Pairing between 1-forms and vector fields. We now consider the bilinear map

(,):ExQ—A, (8.32)
v o) — (vo)= (W, ovdx") =V, . (8.33)

Always according to the general prescription (8.18) we deform this pairing into

() e Eax Qe — A, (8.34)
(E.0) — (& 0) =) u(0). (8.35)

It is easy to see that the x-pairing satisfies the A,-linearity properties
(hxu,@*k), = hx (U, ), *k , (8.36)

(u,h* ©), = R%(h) * (R (1), ®), . (8.37)
Notice that (dy,dx" ), = (dy,dx") = 6.
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Using the pairing ( , ), we associate to any 1-form o the left A,-linear map
(, ®). Also the converse holds: any left A,-linear map @ : =, — A, is of the form
( , ), for some o (explicitly @ = @(dy, )dxH).

Note 8.3 In order to understand the coordinate independence of expression (8.19) it
is helpful to rewrite it using the notation (8.7),

o _ 1 S\
fre=T"(Niale) =Y <’) 0Ubt X, X, (f) Xp, .. Xp,(8) -

~n! \2

(8.38)
Let us study the first order in 6 term, %Q“bXa( F)Xp(g). The expression X,(f) de-
notes the Lie derivative of the global vector field X, on the function f (globally
defined on the spacetime manifold) and therefore X,(f) is a new globally de-
fined function; similarly Xj(g). Then also £6%X,(f)X,(g) is a new globally de-
fined function because it is a linear combination, with constant coefficients 6%°
of globally defined functions. Similarly also X, (...Xq,(f)...) is a globally de-
fined (coordinate-independent) function on spacetime. In the {x*} reference frame
it simply reads ﬁ(ﬁ( f)...); in another coordinate system {y"} it reads
eyl a;i,l]( . e&;’ﬁ(f)), where % =ey (y)(;,% The transformation x* — y* is
a finite coordinate transformation on commutative spacetime. Later on we study
infinitesimal noncommutative coordinate transformations.

The transformation properties of expression (8.21) are shown by using arguments
similar to those after (8.38). The important point is that according to the notation
(8.7), the partial derivatives present in the twist are a specific choice of (globally
defined) vector fields X,. These vector fields act on (globally defined) vector fields
v via the Lie derivative action, X, (v) = [X,, V], the formalism is geometric, [X,, V] is
a new (globally defined) vector field.

8.2.3 x-Diffeomorphism symmetry

The twist deformation program of the previous section can be further developed and
we can study the deformed symmetry transformations acting on deformed tensor
fields. The appropriate language for the study of symmetries in this context is that
of Hopf algebras.

*-Hopf algebra of diffeomorphisms U =,. We recall that the (infinite-dimensional)
linear space = of smooth vector fields on spacetime M becomes a Lie algebra
through the map

[

—
—

—~

[
S X
[

<
~

(8.39)

B
=,
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The element [u v] of = is defined by the usual Lie bracket
[uv](h) = u(v(h)) —v(u(h)), (8.40)

where 4 is a function on spacetime.

The Lie algebra of vector fields (i.e., the algebra of infinitesimal local diffeomor-
phisms) can also be seen as an abstract Lie algebra without referring to the action of
vector fields on functions. The universal enveloping algebra U = of this abstract Lie
algebra is the associative algebra (over C) generated by the elements of = and the
unit element 1 and where the element [« v] is given by the commutator uv — vu, i.e.,
uv —vu = [u v]. Here uv and vu denote the product in UZ. The algebra UZ is the
universal enveloping algebra of vector fields (infinitesimal local diffeomorphisms),
we shall denote its generic elements (sums of products of vector fields u € =) by the
letters &, £, 1,....

The undeformed algebra U= has a natural Hopf algebra structure [44—46]. On
the generators u € = the coproduct map A, the counit € and the antipode S are
defined by

Aw)=u1+1®u,
e(u) =0 (8.41)
S(u) =—u

(and A(1) =1®1, g(1) =1, S(1) = 1). The maps A and € are then extended as
algebra homomorphisms and § as antialgebra homomorphism to the full enveloping
algebra, A:UZ - UEQUE,e:UE —-C,and S: UE - UZE,

A(5E) = A(S)A(),

e(6¢) :=e(§)e(8), (8.42)
5(6¢) = S(8)S(S) -
The extensions of A, g, and § are well defined because they are compatible with the
relations uv — vu = [u v] (for example, S(uv —vu) = S(v)S(u) —S(u)S(v) = —[uv] =

S[uv)).

On the generators, the coproduct encodes the Leibniz rule property u(hg) =
u(h)g + hu(g), the antipode expresses the fact that the inverse of the group element
e" is e ", while the counit associates to every element ¢" the identity 1.

In order to construct the deformed algebra of diffeomorphisms we apply the
recipe (8.18) and deform the product in U Z into the new product

ExC=F"(&)fa(0). (8.43)

We call UE, the new algebra with product x, as vector spaces UZ = U Z,. Since
any sum of products of vector fields in U= can be rewritten as sum of x-products of
vector fields via the formula uv = % (u) xf o (v), vector fields u generate the algebra
UE,.
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It turns out [16] that U =, has also a natural Hopf algebra structure. We describe
it by giving the coproduct, the counit, and the antipode? on the generators u of U =, :

Au)=u®1+R* @R (u) , (8.44)
&c(u) =€(u)=0, (8.45)
S.(u) = —R*(u)Ry, - (8.46)

In Appendix 8.7 we prove for example coassociativity of the coproduct A,. We here
show that the coproduct definition (8.44) can be inferred from a deformed Leibniz
rule.

There is a natural action (Lie derivative) of =, on the space of functions A,. It is
given once again by combining the usual Lie derivative on functions %, (h) = u(h)
with the twist .% as in (8.18),

Za(h) =1 (w)(Fa(h)) . (8:47)
By recalling that every vector field can be written as u = u* x d, = u* d,, we have

L (h) =T 9y) (Fa(h) = T () O (Fa ()

= uF %3 (h) (8.48)

where in the second equality we have considered the explicit expression (8.11) of e
in terms of partial derivatives, and we have iteratively used the property [dy,u" d,| =
dy(u) dy. In the last equality we have used that the partial derivatives contained in
f o commute with the partial derivative dj,.

In accordance with the coproduct formula (8.44) the differential operator .
satisfies the deformed Leibniz rule

Zi(hxg) =L (h)xg +R* (W) x L5 ) (8) - (8.49)
Indeed recalling that u = u* x dy, = u*d,, we have
L (hxg) =ut %9y (hxg) = ut Iy (h) xg+ut xhxdy(g)
= L (h)* g+ R (h) xRo () % I ()
:.,%*(h)*g—kﬁ (h )*.ZI; ) ( ). (8.50)
From (8.48) it is also immediate to check the compatibility condition

2 Notice that because of the antisymmetry of 84¥ we have R*(1) Ry, = Ry, R°(1). Since S,(dy) =
—9dy it is then easy to prove that $2 = id. It is also easy to check that (S ® id)A(u) = u(id ®
S)A(u) = €(u)1 = 0. This last property uniquely defines the antipode.
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that shows that the action .£* is the one compatible with the A, module structure of
vector fields.

The action .Z* of =, on A, can be extended to all U=, . We recall that the action
of UZ on the space of functions can be defined by extending the Lie derivative. For
any function 2 € A = Fun(M), we define the Lie derivative of a product of generators
u...vzin UE to be the composition of the Lie derivatives of the generators,

(w..vz)(h) = u(...v(z(h))...) . (8.52)

Then by linearity we know the Lie derivative along any element & of UZ. We then
define Y ~
Lz (h) :=17(S)(Fa(h)) - (8.53)

The map Z* is an action of UZ, on A,, i.e., it represents the algebra U =, as differ-
ential operators on functions because

Ly (L7 (h) = Z5(h) . (8.54)

*-Lie algebra of vector fields =,. We now turn our attention to the issue of de-
termining the Lie algebra =, of UZ,. In the undeformed case the Lie algebra of
the universal enveloping algebra UZ is the linear subspace = of UZE of primitive
elements, i.e., of elements u that have coproduct:

Alu)=u®1+1Qu. (8.55)

Of course = generates U= and Z is closed under the usual commutator bracket |, |,
[upy|=uu—vuec =z forallu,ve = . (8.56)

The geometric meaning of the bracket [u, v] is that it is the adjoint action of = on =,
[u,v] = ad, v, (8.57)

ad,v:=uvS(uy), (8.58)

where we have used the notation A(u) = u; ® up, where a sum over u; and uy is
understood. Recalling that A (1) = u® 1+ 1 ®u and that S(u) = —u, from (8.58) we
immediately obtain (8.57). In other words, the commutator [u, v] is the Lie derivative
of the left invariant vector field « on the left invariant vector field v. More in general
the adjoint action of UZ on U E is given by

ad: £ =&1$S(&) , (8.59)

where we used the notation (sum understood)

A)=E128 .

For example, aduv C = [L{, [V7 CH
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In the deformed case the coproduct is no more cocommutative and we cannot
identify the Lie algebra of UZE, with the primitive elements of UZ, they are too
few.? There are three natural conditions that according to [47] the x-Lie algebra of
UE, has to satisfy (see Chap. 7). It has to be a linear subspace =, of UZ, such that

i) E, generates UZ, , (8.60)
i) A(E) CE®I+UE®E,, (8.61)
iii) [2.,2,], C Es . (8.62)

Property ii) implies a minimal deformation of the Leibniz rule. Property iii) is the
closure of =, under the adjoint action:

[, v, =ad;v=u;, xvxS(uy,) , (8.63)

here we have used the coproduct notation A, (1) = u;, ® up,. More in general the
adjoint action is given by

adé C = él**c*s*(éz*) 9 (8'64)
where we used the coproduct notation A, (&) = &, ® &, .

In the case the deformation is given by a twist we have a natural candidate for
the Lie algebra of the Hopf algebra U =,. We apply the recipe (8.18) and deform the
Lie algebra product [ ] given in (8.39) into

[wv], = [ () To(v)] . (8.65)

In U =, this %x-Lie bracket can be realized as a deformed commutator

[uv], = [[%(u) Fo(v)] =% ()F o (v) — Fo (V)F” (1)
= uxv—R*(v) %R () . (8.66)

It is easy to see that the bracket [ ], has the x-antisymmetry property

[uv], = —[R*(v) Rey(u)], - (8.67)

This can be shown as follows:

[u vl = [ () fa(v)] = —[fa(v) % ()] = =[R*(v) Rac(w))...

3 This can already be seen at the semiclassical level, where we are left with the symplectic struc-
ture. Primitive elements then correspond to symplectic infinitesimal transformations. Instead of
restricting the set of transformations to those compatible with the bivector 6*Y we want to prop-
erly generalize/relax the notion of infinitesimal automorphism. In this way we do not consider 64
as the components of a bivector, but as a set of constant coefficients.
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A x-Jacobi identity can be proven as well

[ [v 2] = [[u vl 2+ [RE(v) [Rec(ue) 2. (8.68)
The appearance of the R-matrix Z~! = R” @ Ry is not unexpected. We have seen
that ! encodes the noncommutativity of the -product s+ g = R"(g) * Re (k) so
that 1+ g do %~ '-commute. Then it is natural to define x-commutators using the
2~ matrix. In other words, the representation of the permutation group to be used
on twisted noncommutative spaces is the one given by the %~ matrix.

We now show that the subspace =, (that as vector space equals =) has all the
three properties i), ii), iii). It satisfies i) because any sum of products of vector
fields in UZ can be rewritten as sum of x-products of vector fields via the formula
uv = f%(u)*fy(v), and therefore x-vector fields generate the algebra. It obviously
satisfies ii), and finally in Appendix 8.8 we prove that it satisfies iii) by showing that
the bracket [u v}, is indeed the adjoint action, ad}v = [u ).

We stress that the geometrical — and therefore physical — interpretation of =, as
infinitesimal diffeomorphisms is due to the deformed Leibniz rule property ii) and
to the closure of =, under the adjoint action. Property ii) will be fundamental in
order to define covariant derivatives (cf. (8.102)).

Note 8.4 The Hopf algebra U =, can be described via the generators X,, := f*(u)f o
rather than via the u generators. The action of X, on functions is the differential
operator X7 = 2 , we have X;(f) = £ (f) = u(f), compare with Chap. 1,
Sect. 1.5 and Chap. 3, Sect. 3.2, see also Eq. (5.2) in [15]. The generators X,
satisfy the commutation relations X, x X, — X, X, = X|,,) and their coproduct is
AXy) = F (X, @1+ 1®X,).7 . We see that U Z, is the abstract Hopf algebra of
diffeomorphisms considered in [15], end of Sect. 5. Since the elements X, generate
UE,, invariance under the diffeomorphisms algebra U=, is equivalently shown by
proving invariance under the X,, or the u generators. Since Xo, = du partial deriva-
tives belong to both sets of generators. We also have .,2”5” (f) =0u(f) =9, f.

*-Infinitesimal transformations. In the commutative case the diffeomorphisms
algebra UZ acts on the algebra of functions and more in general on the algebra of
tensor fields via the Lie derivative. The Riemann curvature, the Ricci tensor, and
the curvature scalar are tensors and therefore they transform covariantly under the
diffeomorphisms action. In the twisted case, the x-diffeomorphisms algebra U=,
acts on the x-algebra of functions A, and more in general on the x-algebra of tensor
fields 7. The action on functions is given by the x-Lie derivative defined in (8.47).
Similarly the action on tensors is given, according to (8.18), by

L (1) =1"(u)(Fu(r)) . (8.69)
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This expression defines an action because .2 (£ (1)) = £}, (7). In particular the
*-Lie derivative is a representation of the x-Lie algebra of infinitesimal diffeomor-
phisms =,,

L = L) Do) = L. (8.70)

where £ L) = £ o £} is the usual composition of operators. The coproduct in
= is compatible with the product in the tensor fields algebra because

L (12, 7) :,%f(r)*r’+ﬁa(r)*fﬁ*a(u)(r’) : (8.71)

In Sect. 8.4 we introduce the noncommutative Riemann tensor and Ricci curva-
ture and show that they are indeed tensors. Then they transform covariantly under
the action of the x-diffeomorphism algebra. The corresponding noncommutative
Einstein equations satisfy the symmetry principle of noncommutative general co-
variance, i.e., they are covariant under x-diffeomorphism symmetry.

8.2.3.1 Relation between U=, and U= z

In the previous four pages, using the twist .# and the general prescription (8.18) we
have described the Hopf algebra

(UE,%,Ax, 84, €)

and its Lie algebra (=,,[ ]x). These are a deformation of the cocommutative Hopf
algebra
(U‘E7'5A7S78)

and its Lie algebra (Z,[ ]). Usually given a twist .# one deforms the Hopf algebra
(UZE,-A,S,¢€) into the Hopf algebra

(UE7,.,A7 57 ¢)
where the coproduct is deformed via
AT (&) =FAE)F (8.72)

while product, antipode, and counit are undeformed -7 = . | §7 =S ¢7 =¢ (§7 =
S only for abelian antisymmetric twists).

The Hopf algebras U=, and U= 7 are isomorphic, as vector spaces UZ, =UZ =
UZ7 . The Hopf algebra isomorphism is given by the linear map D : UZ, — UZ,

D(&) =T%(&)fa (8.73)
The inverse of the map D is

Dl'=X:Er— X =1%(E)f
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indeed D(Xz) = T (F%(&)f )T = T (1%(E))falp = (P 1%)(E)falp = & where
we used that partial derivatives commute among themselves and in the last line we
used .7 ~.Z = 1 ® 1. Explicitly the Hopf algebra isomorphisms between U Z, and
UE7 is[16]

D(ExC)=D(5)D(C), (8.74)
A, =D '@D HYoaT oD, (8.75)
S.=D"'os7oD. (8.76)
Under this isomorphism the Lie algebra =, is mapped into the Lie algebra 57 :=

D(Z,) of all elements
w” = D(u) =T (u)fy .

The bracket in 7 is the deformed commutator

w” v’z =u”v7 —R* (v )R (u”) (8.77)

N

and it equals the adjoint action in UZ7

w” vz =adzv" =ui vS(u; ), (8.78)

where we used the notation A7 (£) = &, , ® &, . The usual Lie algebra = of vector
fields with the usual bracket [u,v] = uv — vu is not properly a Lie algebra of UZ 7
because the commutator fails to be the adjoint action and the Leibniz rule is not of
the type ii). In particular the vector fields u have not the geometric interpretation of
infinitesimal diffeomorphisms.

8.2.4 Twisted versus spontaneously broken symmetries

Given the deformation A, = Fun, (M) of the algebra of functions A = Fun(M), one
can

e consider the derivations of Fun,(M), i.e., the infinitesimal transformations of
Fun,(M) that satisfy the usual Leibniz rule, u(hxg) = u(h) xg+ h*u(g). As
is easily seen expanding in power series of OV, these maps are only the vector
fields that leave invariant the Poisson tensor (8.6). Thus while in the commu-
tative case any vector field is a derivation, in the deformed case the space of
derivations is smaller. This is the usual viewpoint, considered for example in the
quantization deformation paper [48]. This viewpoint for our purposes is too re-
strictive, for example, infinitesimal Poincaré transformations are not derivations.
In this approach we have that Poincaré invariance is spontaneously broken by the
presence of (the background field) 6.
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e consistently deform the notion of derivation so that to any infinitesimal transfor-
mation of Fun(M) there corresponds one and only one deformed infinitesimal
derivation. This is what we have achieved with the map ., — £F, where £
satisfies the deformed Leibniz rule (7.55). This is the quantum groups and quan-
tum spaces approach [9, 12, 18, 49]. The bonus of this approach is that instead
of dealing with a spontaneously broken diffeomorphisms (or Poincaré) symme-
try we have an unbroken quantum diffeomorphisms (or Poincaré) symmetry. In
this way we retain a symmetry property that is as strong as the one of commu-
tative spacetime. This is doable if the x-product deformation of Fun(M) can be
obtained from a twist. This is the twisted symmetry approach.

These two approaches coexist and are equally tenable viewpoints in order to
understand the infinitesimal transformation of the star product of two functions fx g
(more in general of fields).

Let us consider .7 = ¢~ 29" Xa®%) with a,b=0,...,3 and X, globally defined and
mutually commuting vector fields (for example, Xo = dy, X1 = 01, Xo = 0, X3 = 3).
The deformed coproduct A7 () absorbs exactly the variation [u, X,] under u of the
vector fields X, present in the star product f xg. In the first approach we say that
X, (or 6°*X, ® X;) changes under the infinitesimal transformation generated by u.
Thus u is the generator of a broken symmetry. In the second approach the change in
X, is reinterpreted as a change in the Leibniz rule for u. Now X, does not change,
therefore u is indeed a symmetry transformation of the Hopf algebra US7

The reader can check these two viewpoints with an explicit calculation by ex-
panding in power series of 6, or with the following one

u(f*g) = u(f (f)Fy(g))
= u (F7(f)) ua(Fy(g)) (8.79)
= ([FPurt")(f) (Fuf puaty)(g)
=ui (f)ui (g), (8.80)

where we used Sweedler’s notation (sum over the indices 1 and 2 understood)
AW = Quy=u®1+1Qu , A (u)=FAWF "' =ul @us |
and in the third equality we inserted 1 @ 1 =.Z . % = {8 @fafp.

In (8.79) the Leibniz rule is undeformed, but u; and u, act also on .%# -1 n
(8.80) the Leibniz rule is deformed and ngz’ u2y act directly on f and g and not on
the *x-product.

It is using this second approach, and the symmetry described by the Hopf alge-
bra UZ, that is isomorphic to UZS , that we are able to construct a gravity theory.
The point is that this twisted symmetry approach holds only as long as the vector
fields X, enter the formalism just inside the *-product. This is precisely what we
want. This approach is therefore more powerful because among the different spon-
taneously broken theories (8 # 0) it singles out those where 6 enters only through
the star product.
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A related issue is that of the construction of conserved currents associated with
noncommutative spacetime symmetries. A noncommutative Noether procedure is
presently missing and further work is required in this direction. Here we just men-
tion that in the usual undeformed gravity we have the covariant conservation of
the Einstein tensor Ricyy — %guvR. This is a consequence of the Bianchi identity
for the curvature tensor, an identity that can also be proven in the noncommutative
case with arbitrary twist .% [27] (not necessarily a twist which is invariant under
spacetime translations).

On the other hand, even if the action functional of scalar field theories on
flat noncommutative four-dimensional Minkowski spacetime is invariant under de-
formed Poincaré transformations (see [15] Sect. 6), accordingly with [50] the
presently known way to construct a conserved angular momentum tensor is to en-
hance the noncommutativity parameter 6*" (x) to a dynamical field [51].

The difference between the scalar field theory case and the gravity case may
reside in the different ways the two theories are constructed. In the gravity case
the noncommutative diffeomorphisms dictate the field equations. In the scalar case
the theory is obtained from the commutative one by replacing the usual product of
fields with the x-product, this procedure is less geometric and might be responsible
for the present absence of the conserved currents associated with deformed Lorentz
rotations. A first step toward a deeper understanding of the open issue of the Noether
theorem in noncommutative spacetimes is that of gaining a good command of the
notion of infinitesimal symmetry transformation and in particular of infinitesimal
Poincaré transformation. As we show in the next section this is a well-understood
notion.

8.3 Poincaré symmetry

The considerations about the undeformed Hopf algebra U= and the Hopf algebras
UZ, and UE” hold independently from = being the Lie algebra of infinitesimal
diffeomorphisms. In this section we study the case of the deformed Poincaré alge-
bra. It can be seen as an abstract algebra or also as a subalgebra of infinitesimal
diffeomorphisms =.

8.3.1 x-Poincaré algebra

We start by recalling that the usual Poincaré Lie algebra iso(3,1):
[P[JaPV] = 0 9
[Po,Myuy] = i(MpuPy — NpvPu) , (8.81)
[M[lVaMpo'] = _i(rl,uvac —NuoMyp —NvpMyc + nvoMup) ) (8.82)
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is not a symmetry of 8-noncommutative space because the relations
Hxxy —xVwxH =ioHY (8.83)

are not compatible with Poincaré transformations. Indeed consider the standard rep-
resentation of the Poincaré algebra on functions A(x),

Pu(h) = idu(h) . Myy(h) = i(xy —xy3,) (h) . (8.84)

then we have M5 (6"") = 0 while My (x* xx¥ —x¥ xx*) # 0. This is so because
we use the undeformed Leibniz rule Mps (x* xx¥ —x¥ 4 x*) = Mpg (x") % x¥ +x# %
Mps(x"). In other words the Hopf algebra U (iso(3,1)) generated by the Poincaré
Lie algebra and with usual coproducts

APy) =Py @1+10P; , AMyy) =Muy@1+10Myy (8.85)
is not a symmetry of noncommutative spacetime.

One approach to overcome this problem is to just deform the coproduct A into
the new coproduct A7 (Myy) = FA(Myy).F ~" (see next section).

Another approach is to observe first that the action of M5 on hx g is hybrid,
indeed it mixes ordinary products with x-products: My (hxg) = ixudy(h*g) —
ixydy (h=g). This is cured by considering a different action of the generators P, and
My, on noncommutative spacetime. The .£* action defined in (8.47), accordingly
with the general prescription (8.18), exactly replaces the ordinary product with the
x-product. For any function A(x) we have,

7,(h) = idu(h)
L, (h) = x5 Ay () — ixy x () (8.86)

This action of the Poincaré generators on functions can be extended to an action
of the universal enveloping algebra U (iso(3,1)) if U (iso(3,1)) is endowed with the
new x-product

Ex{ =T(E)Fa(() (8.87)

—i

1 n
= ZE <2> 6P1o . 0P [P, ... [Py, &]..] [P, - .. [P, C]..],
for all £ and § in U(iso(3,1)). For example, it is easy to see that

Loty ) = Ly (Lo (). (8.88)

In formula (8.87) we have identified the Lie algebra of partial derivatives with the
Lie algebra of momenta Py, so that

Lguv — iUV
F :eze P,J(Xin7 R 1 2816 Py®Py . (889)
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This identification is uniquely fixed by the representation (8.84): P, = id,. Since
products of the generators P, and M, can be rewritten as sum of %-products via
the formula §¢ = f%(&) xf (), the elements P, and M, generate the algebra
Us,(iso(3,1)).

The coproduct compatible with noncommutative spacetime is inferred from the
Leibniz rule

Xy *0y(hxg) = xy %y (h)*g+xy *h*9y(g)
= xy %Ay (h) x g+ R” (h) % Ro (x) % 9y (g) - (8.90)
The coproduct that implements this Leibniz rule is (cf. (8.44))
Ad(Myy) =Muy @ 1+R* @Ro(Myy) - (8.91)
Explicitly the coproduct on the generators P, and M,;, reads
A(Py) =Py @1+1@P,,
Ac(Myy) = Myy @ 1+ 1@ My +i0%P P, @ [Pg, My ] - (8.92)

The counit and antipode on the generators can be calculated from (8.45) and (8.46),
they are given by
Se(Pu)=—Py , Si(Myy)=—Myy—i0P°[Py,Myy]Ps . (8.93)

We have constructed the Hopf algebra U, (iso(3,1)).

We recall that there are three natural conditions that the x-Poincaré Lie algebra
iso.(3,1) has to satisfy. It has to be a linear subspace of U,(iso(3,1)) such that if
{ti}i=1....n is a basis of iso.(3,1), we have (sum understood on repeated indices)

i) {1} generates U, (iso(3,1))
i) At) =621+ f ot
lll) [lhl‘j]* = Cijklk
where C;;* are structure constants and f;/ € U, (iso(3,1)) (i, j = 1,...,n). In the last
line the bracket [ , ], is the adjoint action (we use the notation A, (f) =1, ®1,):

[t,1']s:=adt' =1, xt'xS:(ta,) . (8.94)

We have seen that the elements P, and My, generate U, (iso(3,1)). They are de-
formed infinitesimal generators because they satisfy the Leibniz rule i) and because
they close under the adjoint action iif). In order to prove property iii) we perform a
short calculation and obtain the explicit expression of the adjoint action (8.94),
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[Puan]* = [Puapv} )
[PpaMMV]* = [PP?MHV] = _[MuVaPp]w
[Myv,MpG]* = Muy*Mps —Mps * My — 0P [Pa,MpU] [PB7MHV] = [MHV,MPG} .

Notice that this result shows that the adjoint action (8.94) equals the deformed com-
mutator
txt' —R*() xRy (1) .

Property iii), i.e., closure under the adjoint action, explicitly reads
[Pu,Py]x =0,

[P, Muyls = i(MpuPy — NpvPu),
[M,uprG]* = —i(npvac —NuoMvp — MvpMyc + rlchup) - (8.95)

‘We notice that the structure constants are the same as in the undeformed case; how-
ever, the adjoint action [My,Ms]. is not the commutator My, x Mps — My *
M,y anymore, it is a deformed commutator quadratic in the generators and *-
antisymmetric.

From (8.95) we immediately obtain the x-Jacobi identities:

/! "

[0, ¢", ], + 1 [0 )+ ¢ e1],], =0, (8.96)

forall £,¢/,t" € is0,(3,1).

It can be proven that the Hopf algebra U, (iso(3,1)) is the algebra freely gener-
ated by P, and M, (we denote the product by x) modulo the relations iif).

Note 8.5 In [32] we studied quantum Poincaré groups (in any dimension) obtained
via abelian twists .# different from the one considered here. Their Lie algebra is de-
scribed according to i), ii), iii) (see for example Egs. (6.65), (7.36), (7.6) and (7.7)
in the first paper in [32, 33]). Because of these three properties the Lie algebra de-
fines a differential calculus on the quantum Poincaré group manifold that respects
the quantum Poincaré symmetry, (i.e., that is bicovariant).

8.3.2 Twisted Poincaré algebra

1)) is another deformation of U (iso(3, 1)), as

The Poincaré Hopf algebra U~ (iso(3,
1)); but U7 (iso(3,1)) has the new coproduct

algebras U~ (iso(3,1)) = U (iso(3,
AT (&) =FAE)F !, (8.97)

for all £ € U(iso(3,1)). In Sect. 7.7 we wrote the explicit expression for A7 (P,)
and A7 (Myy), see Egs. (7.93). The Hopf algebra U7 (iso(3,1)) is the algebra
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generated by M,;,, and P, modulo the relations (8.81), and with coproduct (7.93) and
counit and antipode that are as in the undeformed case (see the explicit expressions
(7.94)). This Hopf algebra is a symmetry of noncommutative spacetime provided
that we consider the “hybrid” action My, (hx g) = ixudy(h*g) — ixydy (hxg).

There is a canonical procedure in order to obtain the Lie algebra iso” (3,1) of
U7 (iso(3,1)). We use the Hopf algebra isomorphism (8.73)

D : U,(iso(3,1)) — U7 (iso(3,1))
&~ (&)l

and define
iso” (3,1) := D(is0,(3,1)) .

The elements
Pl =T (P)fa =Py, (8.98)

, - _ i
Mf"v = T (M )F o = Myyy — 5(9'“’[13,3,MW}P(y

1
=My + 56”"(17WPv — MvpPu)Ps (8.99)

are generators of the quantum Lie algebra iso” (3,1). Their explicit quantum Lie
algebra structure as well as their coproduct is given in Sect. 7.7.

8.4 Covariant derivative, torsion, and curvature

The noncommutative differential geometry set up in the previous sections allows to
develop the formalism of covariant derivative, torsion, and curvature just by follow-
ing the usual classical formalism.

On functions the covariant derivative equals the Lie derivative. Requiring that
this holds in the x-noncommutative case as well we immediately know the action
of the x-covariant derivative on functions, and in particular the Leibniz rule it has
to satisfy. More in general we define the x-covariant derivative V}; along the vector
field u € =, to be the linear map V} : =, — =, such that for all u,v,z € Z,, h € A,

Vi =ViZ+Viz, (8.100)
VE v =hkViv, (8.101)

Vi(h*v) = og@,*(h)*wﬁ“(h)*v%awv. (8.102)
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Notice that in the last line we have used the coproduct formula (8.44), A,(u) =
u®1+R" ®Rey(u). Epression (8.102) is well defined because R (u) is again a
vector field.

The (noncommutative) connection coefficients I';, are given by
VZ&V =TI %06 =T}1y° d5 , (8.103)

where V¥, = V% . They uniquely determine the connection, indeed let z = z* x d,,
u= Vo, u

u=u" oy, then

Viu =%V (1" xdy)
= %y (u”) dy + 2 xu" % v}, 0y
=zt %y (u")dy + 7 xu¥ *I;,° d5 ; (8.104)
these equalities are equivalent to the connection properties (8.101) and (8.102).

The covariant derivative is extended to tensor fields using the deformed Leibniz
rule

Vi ®@4,2) = VE(1) @4 2+ R (v) @, V%a(u)z )

Requiring compatibility of the covariant derivative with the contraction operator
gives the covariant derivative on 1-forms, we have V; = M v; , and

Vi(@pdx?) = dy(@p)dxP —T},p" x oy dxP . (8.105)

The torsion T and the curvature R associated with a connection V* are the linear
maps T: =, x E, — =, and R*: B, x 5, X 5, — =, defined by

T(u,v) :=Viv— v%a(‘})Ra (u) —[uvl],, (8.106)
R(u,v,z) := VV;z— V%a(v) V%aw)z = Vil s (8.107)

for all u,v,z € Z,. From the antisymmetry property of the bracket | |, see (8.67),
it easily follows that the torsion T and the curvature R have the following -
antisymmetry property

T(u,v) = —T(R*(v),Ro(u)) ,
R(u,v,z) = —R(R”(v),Rq (1), 2) .

The presence of the R-matrix in the definition of torsion and curvature ensures that
T and R are left A, -linear maps [16], i.e.,

T(fxuv) =fxT@w,v) , T(du,fxv)=f*xT(9y,v)
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(for any dy;), and similarly for the curvature. We have seen that any left A,-linear
map =, — A, is identified with a tensor, and precisely a 1-form (recall comments
after (8.37)). Similarly the A,-linearity of T and R ensures that we have well defined
the torsion tensor and the curvature tensor.

One can also prove (twisted) first and second Bianchi identities [16, 27].

The coefficients T,” and Ry, with respect to the partial derivatives basis
{0y} are defined by

T(Ou,0v) =TuvPdp,  R(u,0v,9p) = Ruvp® s, (8.108)
and they explicitly read
T =T =L’
Ruvp® = dulvp® — dlp® + LpP % 03° TP <% . (8.109)

As in the commutative case the Ricci tensor is a contraction of the curvature
tensor,
Ricyy = RP”V”. (8.110)

A definition of the Ricci tensor that is independent from the {d, } basis is also
possible [16].

8.5 Metric and Einstein equations

In order to define a x-metric we need to define x-symmetric elements in €, ®,
Q,. Recalling the *-antisymmetry of the wedge *-product (8.30) we see that -
symmetric elements are of the form

0®, 0 +R*(0') @, Ro(0) . (8.111)
In particular any symmetric tensor in 2 ® Q,
g= g“vdx” ®dx" (8.112)

guv = &gvu, 18 also a x-symmetric tensor in £, ®, £2, because

g = guvdx! @dx¥ = gy xdxt ®, dx", (8.113)
and the action of the R-matrix is the trivial one on dx". We denote by g**V the star
inverse of gy,

g*'up*gpv :gvp*g*pu =8 . (8.114)

The metric gy can be expanded order by order in the noncommutative parameter
6P°. Any commutative metric is also a noncommutative metric, indeed the x-inverse
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metric can be constructed order by order in the noncommutativity parameter (see
also Sect. 3.4). Contrary to [9, 52], we see that in our approach there are infinitely
many metrics compatible with a given noncommutative differential geometry, non-
commutativity does not single out a preferred metric.

A connection that is metric compatible is a connection that for any vector field u
satisfies, Vg = 0, this is equivalent to the equation

Vigpo —Tup" *gve —Iio" *gpv =0. (8.115)

We permute the indices in this expression, use the symmetry g,y = gvy, and add
the corresponding equations to obtain

1
I—iwp*gpc = 5(8ugvo+8vgou - acguv)- (8.116)

We therefore obtain that there is a unique torsion-free metric-compatible connection.
It is given by

1
F,uvp = E(gugvc‘Favgc,u —acgpv)*g*"”- (8.117)
We now construct the curvature tensor and the Ricci tensor using this uniquely

defined connection. Finally the noncommutative version of Einstein equations (in

vacuum) is
Ricyv =0, (8.118)

where the dynamical field is the metric g.

Appendix
8.6 Differential operators and vector fields

We briefly describe the algebra of differential operators and show that it is not a
Hopf algebra by relating it to the Hopf algebra of vector fields.

Differential operators on the space of functions A = Fun(R*) are elements of the
form f(x)#1-Hngy ...dy,. They form an algebra, the only nontrivial commutation
relations are between functions and partial derivatives,

ouf=0u(f)+fou . (8.119)

where both d;, and f act on functions (the action of f on the function 4 is given
by the product fh). Differential operators of zeroth order are functions. Differential
operators of first order Diff! are derivations of the algebra A of functions (i.e., they
satisfy the Leibniz rule); they are therefore vector fields = (infinitesimal local dif-
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feomorphisms®*). The isomorphism between vector fields and first-order differential
operators is given by the Lie derivative
% E — Diff!
vi— %, (8.120)

where
L(f)=v(f)-

We use the notation ., in order to stress that the abstract Lie algebra element v € =
is seen as a differential operator. The Lie derivative can be extended to a map from
the universal enveloping algebra of vector fields U Z to all differential operators

£ : E — Diff
wv..z — L, %6, .. %L, (8.121)
Notice that on the left-hand side the product uv is in UZ (recall the paragraph after
(8.40)), while on the right-hand side the product %, %, = £, 0 %, is the usual
composition product of operators.
The map .Z is an algebra morphism between the algebras U = and Diff. It is not
surjective because the image of UZ does not contain the full space of functions A
but only the constant ones (the multiples of the unit of U Z).

In order to show that the map . : UZ — Diff is not injective we consider the
vector fields

u=fdy , v=0oy,
W=fo, , V=0,
where for example f = xV, and we show that
uv #u'v' inUE. (8.122)

The map .Z is then not injective because fdy (dy(h)) = fdy(dy (h)) for any function
h implies
L =Ly -

The algebra UZ is a Hopf algebra, in particular there is a well-defined coprod-
uct map A, and therefore one way to prove the inequality (8.122) is to prove that
A(uv) # A(u'V'). We calculate

Aw) =AW)AWV) =wR1+uv+vRu+1Quv

= fouodv @1+ fu®@dy+dy® foy+1® fdydy ,

4 Infinitesimal diffeomorphisms correspond to complete vector fields. If the manifold is not com-
pact vector fields are not necessarily complete, then they only give rise to a local one parameter
group of local diffeomorphisms.
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and
AWV)=foy0u @1+ fOy QI+ ® foy+1® foy Iy . (8.123)

These two expressions are different. For example, by applying the product map in
UZ, - :UE®UE — UE and then the map .Z : UZ — Diff we, respectively, obtain

313 Dy + Dy fu £ 3y Ay + A [y - (8.124)

From this proof we conclude that we cannot equip the algebra of differential
operators Diff with a coproduct like the one in UZ. The map defined by A(.%,) =
2,214+ 1® %, and extended multiplicatively to all Diff is not well defined because
gm, = gu’v” while

A L) = AL)AL) # ALDAL) = A Ly) |

as is easily seen by applying the product in Diff, o : Diff ® Diff — Diff (we obtain
again (8.124)).

8.7 Proof that the coproduct A, is coassociative

We have to prove that
(A ®id)As(u) = (id @ A) A (u) .
The left-hand side explicitly reads
(A, ®id)A, (1) = (A, @id)(u®1+R* @Ry ()
—u®1@1+R° ®@Rp(u) @1+ A (R") @R (u) -
The right-hand side is
(id ® A) A1) = u® A1) + R ® A (Ro (1))
=u®1®1+R* @Ry (u) @ 1+R* R @ RyR(u) .
These two expressions coincide because
A*(ﬁa) @Ry = efie“VA*(a“)@)av _ eqeﬂV(a,l®1®av+1®au®av>

=R"@R" @R,Ry . (8.125)
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8.8 Proof that the bracket [u v], is the adjoint action

We have to prove that
[uvly =ad)v.

We know that the bracket [u v], equals the deformed commutator

[uv], = uxv—R*(V) xRy (u) .
On the other hand, the adjoint action reads

ad'v =uy, v*S,(u2,) = uxv+R" %vxS, (Re (1))

uxv—R*xv+R (Ro(u)Rg .

Now the property
durxv=20yv=20y(v)+vdy, (8.126)

that using the coproduct A, (dy) =y, ®dy, =y ®1+1®dy can be written as
duxv=0yv=20y (v)dy,

implies
o Ho

Ea*v:ﬁav:ﬁl*(v)RL .

The coproduct formula (8.125) then implies

p=R

R xv«RP (Roy(u)) VR <R (RyRo) (1)) R

)

v) R (RyRy) (u)) RgR
@R
)

v) % (RPRyRo) ()RR

where in the second equality we iterated property (8.126) (with I ((RyRq)(u))Rg
instead of v) and used the antisymmetry of 6*V in order to cancel the first addend

in (8.126). In the last equality we used that Rﬁﬁy@)ﬁﬁﬁy =%"'% =1®1 because
of the antisymmetry of 64V,
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Chapter 9

Twist Deformations of Quantum Integrable
Spin Chains

Petr Kulish

Twist deformations of spacetime lead to deformed field theories with twisted sym-
metries. Twisted symmetries are quantum group symmetries. Most integrable spin
systems have dynamical symmetries related to appropriate quantum groups. We dis-
cuss the changes of the properties of these systems under twist transformations of
quantum groups. A main example is the isotropic Heisenberg spin chain and the
jordanian twist of the universal enveloping algebra of s/(2). It is shown that the
spectrum of the XXX spin chain is preserved under the twist deformation while the
structure of the eigenstates depends on the choice of boundary conditions. Another
example is provided by abelian twists, these give physical deformations of closed
spin chains corresponding to higher rank Lie algebras, e.g., gl(n). The energy spec-
trum of these integrable models is changed and correspondingly their eigenvectors.

9.1 Introduction

One of the cornerstone of the quantum inverse scattering method was the isotropic
Heisenberg spin chain [1] exactly solved by H. Bethe [2]. The development of the
quantum inverse scattering method (QISM) [3-7], as an approach to the construc-
tion and solution of quantum integrable systems, has led to the foundations of the
theory of quantum groups [8—11]. Both in QISM and in quantum groups a funda-
mental, defining object is the R-matrix. V. Drinfel’d introduced an important trans-
formation of quantum groups: a twist of coproduct map. The R-matrix is changed
under Drinfel’d twist transformations. We would like to discuss the corresponding
changes in integrable models taking as examples the isotropic XXX (9.1) and the
anisotropic XXZ spin chains (9.20). These systems are more elementary than the
field theories on noncommutative spaces discussed in the previous chapters. The
aim is to see what kinds of modifications on these physical systems are produced by
twisting their underlying symmetry structures.

Kaulish, P.: Twist Deformations of Quantum Integrable Spin Chains. Lect. Notes Phys. 774, 165-188 (2009)
DOI 10.1007/978-3-540-89793-4_9 (© Springer-Verlag Berlin Heidelberg 2009
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To explain magnetic properties of solids in quantum theory a model of interacting
half-integer spins was proposed by W. Heisenberg in 1928 [1]. The hamiltonian of
the isotropic model (XXX spin chain) is given in terms of Pauli sigma matrices

o, o= x,y,z; at each site k = 1,2,..., N of a one-dimensional chain
N ! h N
Hxxx = Y, (0mOmi1 + 000+ (05,05, — 1)) — 3 Y o 9.1)
m=1 m=1

The following periodic (k = 1) or quasi-periodic (k # 1) boundary conditions are
imposed

1
. _ ~2 + o El E + _ X | s~y
Oy,1 = Of, Oy, =Kk O, c 75(0 +io”).

(Often the quasi-periodic boundary conditions are referred to as the twisted ones,
but the word “twist” is reserved in this book for the theory of quantum groups.) The
hamiltonian in (9.1) is an operator in the Hilbert space of spin states

N
> = QT
m=1

which is the tensor product of the two-dimensional Hilbert spaces associated with
each site of the chain m = 1,2,...,N. The explicit form of these sigma matrices
Ga’ a = ‘x’ y) Z’

, i |
"x:((l)(l)>’ G}:<(i)01>’ GZ:(O—OI>’ ©.2)

enables one to write the hamiltonian density for zero magnetic field 47 =0 as a
permutation operator £2,,,,,;1 of neighboring spaces (C%1 ® Cﬁq 111 2(vEw) =wey,
where v,w € C2. Indeed

Zcr(r)tcamaw% = 2“@merl *Imerl 5 (93)
o

here Iy n+1 is the identity matrix. Taking the basis vectors of C? as e*) = ({) ,e(~) =
(9). so that oFel®) =0, and the basis vectors of C2 @ C? as

) el —

) el — : 9.4)

—_— o OO OO ~O

O— OO OO o~
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the permutation (flip) matrix is

1000
0010
P = 0100 |- 9.5)

0001

In terms of the permutation operators &2,,,,+1 the hamiltonian in (9.1), that from
now on we consider with zero magnetic field 4 = 0, reads

N
HXXX =2 2 (gmnH»l 7Imm+l) . (96)

m=1

Hyxxx is an element of the group algebra C[.#y] of the symmetric group .y (the
group of permutations of N objects). See (7.52) for the definition of group algebra
C[-#w]- One can rewrite this hamiltonian using raising 6+ and lowering 6~ matri-
ces,

N

. - L .

Hxxx =2, (Gj{O‘mH +0, 0y + 50001 — 1)) . 9.7)
m=1

Then it is easy to see that the tensor product state

N

.Q:N“): ! 9.8
R4 -Q () ©9)
k=1

k=1

is an eigenvector of Hyyx with zero eigenvalue £2,
HXXX Q=0.

This state €2 corresponds to all spins up, and it is called the ferromagnetic state.

The complete spectrum of the energy operator Hxyxx and its eigenvectors were
found by H. Bethe in 1931 [2]. Due to the obvious rotational invariance Hyyx com-
mutes with the generators of rotations (global spin):

1 N
[Hxxx, $%] =0, 8% =33 of, 5%, 5P] = ig*PTs7. (9.9)
k=1
N
Hence, the Hilbert space of states .7 = @ C? can be decomposed into invariant
subspaces with fixed value of the third component S*:
N N

A =RC* =P

=0

N 9.10)

Consider the shift operator U
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N-1
U:ngN...:@m(@]z:IHngk_H, UG,?:G/?:LIU. 9.11)
k=1
It commutes with the hamiltonian
[Hxxx,U] =0. (9.12)

Then it is easy to see that the one-magnon state
N
¥(z) = o, Q (9.13)
k=1

is a common eigenvector of Hyyx and U,
U¥(z) =7 "W(z), Hxxx¥(2)=2(+z"'-2)¥(2), (9.14)
provided that the quasimomentum z satisfies the quantization condition
N=1, logz=2mik/N, k=1,2,....N—1. (9.15)

The module |z] is equal to 1. Hence the magnon energy is negative, and to find the
ground state with the lowest energy one needs to analyze states with many magnons.

Bethe’s proposal was to search for eigenvectors of Hxxy in the form of the so-
called (coordinate) Bethe ansatz: a linear combination of products of one-magnon
states

p M
— . ny ] ny -

¥(z1,---y2m) = D Y A(m {zH )Zﬂ(l)zn(z)"'zn(M)Han‘Q'

1<ni<my<..<ny<N meSy j=1
(9.16)

Here z; are the quasimomenta of the M magnons, .#) is the symmetric group with
M! elements {7}, and A(7, {z;}}) are the amplitudes depending on {z;}%! and .

The description of a thermodynamic limit N — oo corresponding to an infinite
antiferromagnetic chain was given by L. Hulthen in 1938 [12].

The requirement is that the M magnon vector (9.16) is an eigenvector of Hyxx,
and the spin chain periodicity condition results in the explicit form of the coefficients
A(m;{z;}) and the quantization conditions of quasimomenta {z;}} (the so-called
Bethe equations):

M
Zize+1 -2z .
2= H ji=12,....M. (9.17)
iohj 2%k~ Zjk

The corresponding energy is

M
Ey=Y2(z+z ' -2). (9.18)
j=1
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The factors on the RHS of (9.17) are scalar two-magnon scattering matrices
S(zj, z) = S(zk, z;)~'. A detailed deduction of these relations can be found
in monographs (e.g. [13—15]). We will obtain them using the QISM in the next
section.

There is also a different parameterization A of quasimomenta

() = iﬂ;g

which is more convenient for the QISM formalism, where A is known also as a
spectral parameter. Although by a scaling A — nA the parameter 1) can be omitted
it is useful to preserve it for the future discussions, e.g., of the quasiclassical limit
N — 0. Usually, one puts 11 =i to get real-valued A for |z| = 1. The one-magnon
energy in terms of A and 1 =i is E(1) = —4/(4A% + 1), and the Bethe equations
(9.17) in terms of A reads as follows:

(lj+n/2>N:ﬁlj—lk+n ©.19)
Aj—n/2 iz M~ A=

It is instructive to mention two obvious algebras related to the isotropic Heisen-
berg spin chain: the rotational symmetry Lie algebra s{(2) of Hxxx (9.6), (9.9), and
the group algebra C[.#y]| of the symmetric group .. We already remarked that the
expression of the hamiltonian density in terms of permutation operators (9.6) shows
that Hxxx € C[.#y]. There is also a much bigger dynamical symmetry algebra, the
so-called Yangian % (s/(2)) [4] which includes all the observables of the model (see
Sect. 9.2).

Similar solution using the coordinate Bethe ansatz was constructed by R. Orbach
in 1958 [16] for the anisotropic Heisenberg spin chain

N
Hoz= Y, (00t + 000, +A(Gf0E, ~1). (920
k=1

where A € (—oo,00) is an anisotropy parameter. The only obvious symmetry of this
spin chain is the U(1) group with the Lie algebra generator S¢ (9.9). The space of
states is also decomposed according to the eigenvalues of S°

N
H =D Ay (9.21)
M=0

However, under a minor modification of the XXZ model hamiltonian (concerning
an appropriate boundary condition instead of the periodicity one, cf. Sect. 9.2) the
symmetry algebra is “similar” to the s/(2) one; it is the quantum algebra %, (s(2))
with three generators [8] (see also Sect. 7.4). As a second algebra of this XXZ model
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one has the Hecke algebra 7% (q) instead of C[.#y]. Finally a dynamical symmetry
algebra for this model is the quantum affine algebra %, (s/(2)) [17].

In the next section we solve the XXX and XXZ models by a pure algebraic ap-
proach using the quantum inverse scattering method (QISM). For this reason now
we write down only the spectrum of Hyyz and we consider the corresponding Bethe
equations for the quasimomenta with a different parameterization {u; }’1"’ ,

Hyxz® ({1 = En ({110 ({310, 9:22)
MooA?—1 M (coshn)?—1
E . M — = .2
w({usir) Z’l A —cos2l; = coshn —cos2u;’ ©:23)
N
inh(uw: + 1 M sinh(u: —
sin (uﬁ?n) e ()~ +m) ©924)
sinh(gj —37) oz SInh(K — g — 1)
We are using the standard parameterization of the anisotropy parameter A,
1 -
A=2(q+q") =cosh(n), g=exp(n). (9.25)

2

We finish this introduction by recalling that integrable quantum spin chains are
closely related to exactly solved models of statistical mechanics on square lattice (a
la two-dimensional Ising model) [15]. The trace of the transfer matrix ¢(A ), which
is the generating function of the integrals of motion of the spin system, leads to the
partition function Z of the corresponding lattice statistical model. The entries of the
R-matrix, a fundamental object of the QISM, are the Boltzmann weights of the local
configurations [13—15].

9.2 Algebraic Bethe ansatz (QISM)

In this section we review the QISM formalism. We obtain the eigenvectors (9.22),
the eigenvalues (9.23), and the quantization conditions (9.24) of the XXZ model,
and the corresponding ones of the XXX model, via an algebraic approach (algebraic
Bethe ansatz). This algebraic method is analogous to the treatment a la Dirac of the
quantum harmonic oscillator with creation and annihilation operators. We construct
a particular transformation converting the variables ¢;* into a new set of operators.
More precisely the aim is to transform the original spin 1/2 operators 6 (that are
local operators because they act only on the kth site) to a set of new nonlocal oper-
ators in .7 with peculiar algebraic properties independent from the number of sites
N. We denote these nonlocal operators by A(A),B(A1),C(A),D(A). The hamiltonian
Hyxx is expressed in terms of these operators, and by acting on the vacuum state (2
with the creation operators B(4;) we also construct its eigenstates. A similar scheme
holds also for the XXZ model.
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Next we briefly discuss the underlying dynamical symmetry algebras. These are

—

the Yangian %/ (sl(2)) for the XXX model and the quantum affine algebra % (s/(2))
for the XXZ model. Deformations of the XXX and XXZ models obtained by twist-
ing of these dynamical symmetries are then discussed in Sect. 9.3.

9.2.1 QISM for the XXX model

The main object of the transformation from the local operators o} € End(.7) to
the nonlocal ones A(A4), B(1), C(1),D(A) € End(#) is an auxiliary operator: the
L-matrix. Itis a 2 x 2 matrix on an auxiliary space. The matrix entries depend on the
local observables o at a given site k and on the spectral parameter A. In the case
of the XXX model the L-matrix is

A+n/2 0 0 0

_ 1 o o __ 0 1—71/2 n 0

Lak(l)_AH—En%c Qo = 0 N A-mz2 0
0 0 0 A+n/2

(9.26)
The indices a and k refer to the auxiliary space the matrices ¢ act and to the
quantum space (C,% (a factor in the definition of .7°). On the other factors of 7 the
L,-matrix acts as the identity. The L-operator in (9.26) is written as a 4 X 4 matrix
in (Cg & Cz and one can recognize the local operators 6;* as 2 x 2 blocks of the 4 x 4
matrix.
Using the L-operator (9.26) a new set of variables (operators in the Hilbert space
A (9.10) depending on the parameter A) is introduced by an ordered product of
Lk () as 2 x 2 matrices on the auxiliary space C2,

T(A) = Lay(A)Lay—1(A) ... Lt (A).

This new operator T (1) is the QISM monodromy matrix [3—6]. It is a 2 x 2 matrix
in the auxiliary space V, ~ C. Its entries

B(A
T(A) = (C(l) DM%) (9.27)

are operators in 7. They are the new nonlocal variables. The commutation relations
of these new operators A(1),...,D(1) €End() can be obtained from the local
relation for the L-operator at one site (see for example [6]):

Ri2(A — )L (A) Lo () = Lo (1) Lix(A)Ri2 (A — ), (9.28)
where the R-matrix is found from the previous equation to be

R(A)=Al+n2. (9.29)
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The R-matrix in (9.29) acts on the tensor product of two auxiliary spaces C3 ® C3.
Equation (9.28) involves operators on C3 ® C3 ® C2, where C7 is the space of spin
quantum states at site k. The operators R and L are understood to act in C? ® C3 ®
(C% via the embeddings

Rp(A—pu)=RA—-u)®1, Low(u) = 1@ La(p)

and similarly L;(1) acts as Ly (A) on C} ® C7 and as the identity on the remaining
factor (C%,L]k()h) = ylgLZk()y)gzlz.

Taking into account (9.5) one can see that the R-matrix (9.29) coincides with the
L-matrix (9.26) up to a shift of the spectral parameter

R =L(A + g). (9.30)
Then by trivially shifting the spectral parameters A and g in (9.28) we obtain the
Yang—Baxter equation (YBE) [3]

Ri2(A — 1)R13(A)R23 (1) = Roz(1)R13(A)R12(A — ) . (9.31)

This matrix equation is written in the auxiliary space End(C} ®C3®C3), and Ry2 :=
R®I, Ry3 :=1®R, Ryi3 := P12R23715. The solution (9.29) is called the Yang
R-matrix and there is an obvious extension of it to higher dimensional spaces C" ®
C" as the n*> x n*> matrix R(A) = Al +1n 2 which also satisfies the YBE (9.31).

The commutation relation for the L-matrix (9.28) induces the commutation rela-
tions for the monodromy matrix 7' (A4 ). These latter have the same form [3-7]

Ri2(A — )T (A)Ta(p) = () Ty (AR 122 — ), 9.32)

where a convenient notation for tensor products is used 71(4) :=T(A)® 1, Th(u) =
I®T (1) [3,4], see also (7.19) and (7.20). One can extract 16 commutation relations
for the entries of T'(1) (see e.g. [13]). We will use only few of them (the entries 13,
34, and 14) to algebraically construct the eigenvectors of the hamiltonian Hyxyx:

AMB(R) = F(h—wBWAR) +g(A—wWBAAW),  (©.33)
D()B() = f(i— A)BUOD(A) + gl — M)BA)D(W),  (934)
B(A)B(1) = B(w)B(2), 9.35)

where f(A —p) = (A —u—mn)/(A —u),g(A —pu)=n/(A —p). Multiplying the
RTT-relation (9.32) by szl (A — u) and taking the trace over two auxiliary spaces
one gets the commutativity property of the transfer matrix #(4),

t(A) :=tuT(A) =AA) +DA), t(A)e(w) =(w)r(L). (9.36)
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The transfer matrix 7(A) is a generating function of integrals of motion. Due to the
regularity property of the Yang R-matrix

Mo =12 (9.37)

(that in terms of the L-matrix reads L(A) =N, where Z is the permutation

’)L:n/Z
operator (cf. (9.5))) we have that #(1) | A=n)2 is proportional to the shift operator U

(9.12). Using the obvious property ﬁL(?L) = [ it can then further be shown that the
logarithmic derivative of 7(A) at the point A = 17/2 yields the hamiltonian,

d
Hyxx ~ ﬁlogt(l)‘l:n/z, (9.38)

where ~ stands for equality up to a proportionality factor and a constant additive
term (proportional to N). The transfer matrix 7(A) is the generating function of the
mutually commuting integrals of motions ., = %logt(l) | Aen /2 These integrals
are local densities (a natural and desirable physical property) in the sense that .7, is
a sum of operators each of which acts nontrivially at no more than n+ 1 neighboring
sites of the lattice.

We have seen that the hamiltonian can be written in terms of the A(A) and D(A)
operators. On the other hand the operators B(A), for different values of A, gener-
ate the eigenvectors of the hamiltonian. They act on the vacuum state (the highest
weight vector) 2 defined in (9.8):

Q= ®em , O em iefn ), o;:fegnﬂ =0, o;,;efnﬂ = e,(,;),
as creation operators for magnons. In order to show that they are creation operators
we first observe that
CA)Q =0, AL)Q2=ay(A)Q2, DA)Q=dy(A)Q,

where ay (A1) = (A + 1)V, dy(A) = (A — 2)N. This follows from the upper trian-
gular form of the L-matrix on £2 and by recalling the expression of the monodromy
matrix T(A) in terms of the L(A) matrices. Next, from the quadratic relation (9.33)
for A(A) and B(u), we have

’:]a

M
A TTB(uy) = TT (A —wj)B(uj)AR)

~.
Il
<.
I

Mi_

+ 2, 8(A —w)B Hf 1A, (9:39)

k JF#k

and a similar relation for D(A) and the product of B(yt;). The sum of these relations
acting on the vacuum Q gives the eigenvector (9.16) of the transfer matrix #(1)
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M

{.uj}l H

M

M
t(A) T B(u)Q = A { ) H (9.40)

]:] =

under the condition that the parameters (. satisfy the Bethe equations (k=1,...,M)

an (M) ﬁf(u; — M)
dv(te) g f (e — 1)

9.41)

This condition yields the vanishing of “unwanted terms” containing the opera-
tor B(4) and the operators A(uy),D(u;) that as a result of the commutation rela-
tions (9.39) have arguments different from y; and A, respectively.

The eigenvalue of the transfer matrix 7(1) is

=

M
AA{mH) = an (2 H JA =) +dn(A) [ f(u;—2).

1

J

This construction of the eigenvectors of quantum integrable models was coined as
the algebraic Bethe ansatz [3].

M

We conclude by observing that the eigenstates ¥ = [T B(u;)Q2, M < [N/2]
j=1

(where [N /2] stands for integer part of N /2) are highest weight vectors for the global

N
symmetry algebra s/(2) with generators S* = % Zl o (cf. (9.9)),
=

N
Y(ur,....up) =0, S¥(Ui,...,Uu) = <2M> Yur,....um) - (9.42)

The proof is purely algebraic and follows from the RTT-relation and the asymptotic
behaviors of the monodromy matrix and of the R-matrix [18],

T(X) = lNHnlN*lZoﬁ 5%+ 0(AN2), (9.43)

Rlz(k—u)~1+u<2q ® 05" +1)+0<A2> (9.44)

Indeed, substituting these two asymptotics into the RTT-relation one gets
[((H) A2ole ( o4 ®1+1®S")> 7Tz<u>} ~0,

(T ()] = [T(0).57), 3 10% T ()], = [T (). 5%

or

| =



9 Twist Deformations of Quantum Integrable Spin Chains 175

The LHS is the commutator of 2 x 2 matrices while the RHS is the 2 x 2 matrix of
the commutators of the entries of 7'(1t) with the global spin generators, e.g.,

[S%,B(u)] =—B(u),  [ST,B(u)] = (A(u)—D(u)).

These relations and (9.33) and (9.34) permit to prove the property (9.42) provided
the Bethe equations (9.41) are valid.

9.2.1.1 The Yangian %/ (sl(2))

Consider the entries of the 2 x 2 monodromy matrix 7(A) as abstract operators
obeying the RTT-relation, divide them by A", and let N be arbitrarily big. We
denote by .7 (1) this series of 2 x 2 matrices, with coefficients ti(;’)

erators

as abstract gen-

oo

TRy =30 O, (9.45)

1 n’ 1
=0 A

The RTT-relation (9.32) for .7 (1) defines an infinite-dimensional Hopf algebra, the
Yangian %/ (g/(2)). One can define a g-determinant of the matrix .7 (1), it is central
in % (gl(2)) and setting it to 1 gives the Yangian % (s/(2)). The Yangian’s coproduct
AW (sl(2)) — Z(sl(2)) @ % (sl(2)) on the generators ti(;l) can be written in a
compact matrix form [19, 20]

29 )ik @ T (A)gj- (9.46)

According to (9.43) the first nontrivial term t / A yields generators of the Lie
algebra s/(2) and their coproduct is primitive

ASH)=S"@1+1R85%

Hence, the universal enveloping algebra %/ (s/(2)) is a Hopf subalgebra of the Yan-
gian % (s1(2)) C %/ (sl(2)). This embedding permits to use twist elements found
in % (s1(2))*? to perform twisting also of the Yangian (see below and [21]). The
Yangian #/(g) of a Lie algebra g is a deformation of the Lie algebra of polynomial
maps C — g (or the current algebra g[t]), it can also be considered as a “degenerate”
version of the quantum affine algebra % (g), this is a deformation of the central

extension L( ) of the loop algebra L(g) (the current algebra g[t,#~']) [9, 20].

9.2.1.2 Higher spins and generalizations

One can take as L-operator the expression similar to (9.26) with an arbitrary repre-
sentation s{* of spin s (s = 1,3/2,...) instead of 6 [7]
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1
Lak(l):/'LIJrEnZGf@s,‘j‘. (9.47)
o

The main QISM relation (9.28) will be still valid with the same 4 x 4 R-matrix
(9.29). This gives us a generalization of the spin 1/2 XXX model to higher spins,
i.e., the isotropic spin s model XXX [7].

More generally we can consider a solution R(A;7) of the YBE (9.31) which
has the regularity property R(1;1) |7L:)\0 = N2 for some value A = A (cf. (9.37))
and construct a corresponding quantum integrable system. As before we define the
monodromy matrix 7 (1) as an ordered product of R-matrices (that are related to
L-matrices via a formula similar to (9.30)), then the first logarithmic derivative of
t(A) gives the hamiltonian A of a spin model

d
H 2 —1081(2) | g3 (s (9.48)

where, similarly to (9.6),

N

N
He'S Runnt (9.49)

n=1

and d
Rnn+l - ynnJrl ﬁR(k)nnM ’k:l() . (950)

Higher logarithmic derivatives of #(A) give mutually commuting integral of mo-
tions.

For the XXX and XXZ models, with chains carrying an arbitrary representation
of spins (s =1,3/2,...), the constant IénH 1 matrix (9.50) (that is proportional to the
permutation matrix P,,+1 in the XXX model) satisfies the YBE in the braid group
form

Ri2Ry3R12 = RysRiaRo3. 9.51)

9.2.2 Anisotropic XXZ spin chain

The QISM approach to the XXZ model is almost identical to the one discussed for
the XXX model. This is so because the corresponding L-matrices and the R-matrices
have the same structure and satisfy the same fundamental relations (9.28) and (9.31).
We explicitly have

(sinh(l—i-nG,?‘/Z) sinh(n) o )
Lxxz(A) = ’

. . (9.52)
sinh(n) 6" sinh(A —no?/2)
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ad) 0 0 0
0 b(A)c(A) 0
0 ) b() 0 |’ ©.53)
0 0 0 a)

R(A) =

where the entries of the R-matrix are
a(A) =sinh(A+7n), b(A)=sinh(1), c¢(A)=sinh(n).

The hamiltonian of the XXZ model is given in (9.20). As in the XXX model the
ferromagnetic state €2 is the highest eigenstate of Hxxz, and the L-operator (9.52)
and the monodromy matrix 7 (1) on £ have an upper triangular structure. Hence the
eigenstates, the Bethe equations (9.24), and the energy spectrum are produced by the
same algebraic procedure (algebraic Bethe ansatz) that consists of creating magnon
states by applying to £ products of the mutually commuting operators B(i;).

From the quantum group point of view it is more convenient to consider a non-
symmetric R-matrix instead of (9.53),

a) 0 0 0
R(L) = 8£%ﬁ$98 . ca(A) —exp(A)sinh7.  (9.54)
0 0 0 ad)

It is useful to prove directly that due to the commutativity of the R-matrix (9.53) with
the primitive coproduct of the Cartan generator h = 6%, [R(1), h® 1+ 1®h] =0,
the transformed R-matrix

exp(xA hp)Ripexp(—xA hy)
(where h1 = h® 1, hy = 1 ® h) satisfies the YBE (9.31). To obtain (9.54) set x = %

The R-matrices (9.53) and (9.54) give the same X XZ model with periodic bound-
ary conditions, but, as we now explain, it is the R-matrix (9.54) that is relevant for
the XXZ model with open boundarzionditions and that is directly related to the
quantum algebras %, (sl(2)) C %,(sl(2)). This relation is given via a linear combi-
nation of constant R-matrices

R(%:9) = exp(A)R™) (q) —exp(~2)R)(q), g =exp,
where R (g) = (RS (¢))~! := 2 (R\}))~1 2. The constant R-matrix

4000
0lwoO 1 .
R (q) = 0010 | w:q—;:Zsmhn (9.55)

000 g
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enters the RLL relations defining %, (sl(2)), they are given in (7.63) and (7.64).
These relations can be used to prove the RLL relations (9.28) for the L- and
R-matrices with spectral parameter (9.52) and (9.53).

By multiplying the R)-matrix by the permutation & one gets the matrices

Re(q) = Rerri (@) := PR (@), k=1,2,... ,N—1. (9.56)

They satisfy the braid group relation (9.51) and additionally the quadratic relation
(20]

. 1\ .
Relq) = (q _ q) Re(q)+1. ©.57)

The N — 1 elements Iék(q) that satisfy (9.51) and (9.57) are the generators of the
Hecke algebra J%(q).

According to the theory of quantum groups the Hecke algebra 3 (¢) with gener-
ators R (q) (9.56) is the centralizer of the diagonal action of %, (s/(2)) in the space
e C?,

[Ri(q), A™(X)] =0, X €%(sl(2))

where AV (X) is understood in the representation space ®11V C?, and the diagonal
action is given by the N-fold coproduct map! AN : 7%,(sl(2)) — ?/q(sl(2))®N ,

AV = (ARidRid®...id)(A®id®...id)...(AQid)A. (9.58)

Let us now consider the hamiltonian of the XXZ model with open boundary
conditions

N-1
Hxxz = Y, (6} 0}, +0}0),, +coshn (ofof, — 1)) +sinh n (o] — oF).

k=1
(9.59)
This open spin chain hamiltonian is explicitly % (s/(2)) invariant because its den-
sity is a cross Casimir of %, (sl(2)),

&5 (q9) =2(0; 0, + 0, 0 ,) +coshnofof, | +sinhn (of — o, ).

This expression, in accordance with (9.49), essentially coincides with the Hecke
algebra generator Ry (q) (9.56).

Finally we comment on the difference between open and closed (periodic)
boundary conditions for the XXX and XXZ models. In the XXX model the dif-
ference between open and closed boundary conditions is given by the element
Iéﬁ)fx (q) = Py1 = P1y, that belongs to the symmetry group #y, so that also Hyxy
with periodic boundary conditions is an element of the group algebra C[.#y], and we

! The map AV is the composition of N — 1 coproduct maps. For example, for N = 3 we have
A3 = (A®id)A. Coassociativity of A (cf. (9.79)) then implies that A3 = (id ® A)A; similarly AV
is independent from the position of A in the tensor products (9.58).
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have %/ (sl(2)) dynamical symmetry. The situation is different in the XXZ model.
Indeed in this case the hamiltonian with periodic boundary condition has together
with Ry (q) the summand Ry (¢). This latter addend does not belong to the Hecke
algebra. This explains why the open spin chain hamiltonian (9.59) is %, (sl(2)) in-
variant while the closed spin chain hamiltonian with periodic boundary condition
(9.20) is not.

9.3 Twists and QISM

In this section we consider what kind of changes can be induced in integrable spin
chains using twist transformations of the related quantum groups.

We see that twists naturally arise when considering scaling limits, for example,
the XXX and XXZ models can be related by two inequivalent elementary scaling
transformations, and we propose a treatment of the relations obtained via the second
scaling limit in terms of a corresponding twist. This leads to the example of the so-
called jordanian twist.

In Sect. 9.3.2 on the other hand we consider an abelian twist and study the
changes in the hamiltonian of the XXZ model with periodic boundary conditions
under this twist transformation.

Section 9.3.3 first details the relation between quantum groups and integrable
systems. We then see how, in the case of open spin chains, the twisting of a quantum
group leads to the corresponding twisting of the integrable system. Contrary to the
case of closed spin chains considered in Sects. 9.3.1 and 9.3.2, the original open
spin chain hamiltonian H and the twisted ones H (*) can be easily compared, they
are related by a similarity transformation.

In Sect. 9.3.4 we consider another example of twist (coboundary twist) this is
in general a trivial twist. Under scaling transformations these coboundary twist can
however become nontrivial, this is yet another way to obtain (extended) jordanian
twists and their related integrable systems.

Scaling limit XXZ — XX X. Itis easy to get the isotropic XXX spin chain from the
anisotropic XXZ one via a scaling limit € — 0 of parameters

1
A — €A, n—en,qg— l+en,sinh(A —n)— e(A—n),coshn — 1+ 5,92172.

(9.60)
The hamiltonians (9.20), eigenvectors, and Bethe equations (9.24) are clearly con-
nected in this limit € — 0, as well as R-matrices (9.53) and (9.29),

Rxxz(eAd;en) — e(AI+NP) = eRxxx (A;1M), (9.61)

and the algebraic Bethe ansatz.
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Scaling limit XXZ — XXX . A nontrivial scaling limit (contraction) of the XXZ
model is obtained by applying additionally a similarity transformation with the ma-
trix M(E) = exp(Ec™) € Mat(C?)

M(&) = (é?) 9.62)

to the main objects of the QISM. The YBE is obviously invariant with respect to
the factorized similarity transformations of its solution R — AdM ®2R [7]. Then the
scaling limit (9.60) with a singular behavior of the parameter & with respect to €:
& — & /e yields a deformed XXX spin chain. One obtains the closed spin chain
hamiltonian

N
AdM(E /€)™ Hyxz — Hxxx, = Hoxx + ), (820, 0, +&(0 —0,))).

n=1

(9.63)
It is a hamiltonian of a deformed XXX model with £ as the deformation parameter
[21]. The similarity transformation does not change the spectrum of Hyyz. Thus
in this limit one produces the standard spectrum of the XXX model, although the
hamiltonian is now non-hermitian and it depends on &£. This change of hermitic-
ity comes from the triangularity of the matrix M. In the scaling limit we get ad-
ditional degeneracy of the spectrum, and some jordanian cells appear. Here is a
two-dimensional example of this phenomenon (& — & /(xy —x1), x2 — x1)

aam@)- (5 0 )= (550 ) e (B2,

The eigenvector ((1)) survives, while the second eigenvector becomes an adjoint

eigenvector.
After this transformation the limiting R-matrix and L-operators, similarly to the
hamiltonian (9.63), have also extra terms

AdM (& /e)**Rxxz(eAsen) — AR(E) +n 2, (9.64)
(AdM, (&) ® AdMi(8)) Lo (2) — L3 (1:8), (9.65)
where
R(E)=1+¢ (0" w0 —0'®wot +E0" wa™) (9.66)
=exp(loT ®@o%)exp(—Ec*®o™)
and

L (2.8) = AL+ g Y (6% ® o) (9.67)
o

+&(A-n/2) (0 ®of—0ci®0o; +&0, ®0;") .
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9.3.1 Jordanian twist

The constant R(&)-matrix satisfies the YBE without spectral parameter. It is a
triangular R-matrix: Ri2(E)R21(§) = 1. It is an image of a universal R-matrix
X = yzly]—zl obtained by means of a jordanian twist of the universal enveloping
algebra % (s1(2)):

FU) = exp (;h ®In(1+ 2€X+)> , owi=In(1+2EXT), (9.68)

where i, X are the generators of the Lie algebra sI(2): [1, XT] = £2X* X+ X | =
h. Let us write down for completeness the twisted coproduct maps for the genera-
tors:

A(h) :y AR (FID) ' =h@e™ +10h,
A(XT) = 1+1®X++2§X+®X+ Xt@e"+1eXt,

A(w) = 1+1Qw,
AXT) =X ®@e"+10X" +5h®hew+§<h—h2) (e —e ).

Introducing the new combination X~ = X~ — %’g’h2 one obtains a quasiprimitive
coproduct also for X~

AX ) =X @e"+10X.

In the spin 1/2 representation we have F/) = exp(é6° @ 6©) and Ry (E) =
exp(oT ®o%)exp(—Eo*®@0™T).

The scaling limit procedure XXZ — XXX does not lead to fully solve the XXX
model because in this limit many eigenstates of the XXZ model become singular

(e.g., = ®ke,(:)). New ones have therefore to be found. The study of this closed
spin chain quantum integrable system via its R-matrix (9.64) is nontrivial because
the form of (9.64) is more complicated than that of (9.61). In particular the commu-
tation relations among the operators A(A),...,D(A) are more involved. Although
the monodromy matrix 7 (A) still has an upper triangular structure when acting on

the ferromagnetic state Q = @} e,(f) (9.8), and therefore the operator B(A) is still a
creation operator, the algebraic Bethe ansatz is quite elaborated.

Deformations of integrable spin systems related to higher rank Lie algebras, e.g.,
gl(n) or Lie superalgebras gl(m|n), can be similarly obtained using extended jorda-
nian twists [22, 23]. In particular, a generalization of the isotropic XXX model to
the case of g/(n) is given by the hamiltonian

N
) = 2, Pl = 2, 2, e el (9.69)
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(m)

where &y,41 is the permutation operator of C}, ® C}, | while ¢;; are the basic

(m)

matrices on C};, (with matrix entries (e, 7

) o= 0ik8j1). An extended jordanian twist,
e.g., forn =3, is [22]

; 1
lext) — exp(2EE1» @ Exzexp(—wi3)) exp <2h®ln(l +2§E13)> , (9.70)
wiz = In(14+2&E13)),

where h, E;; are the generators of s/(3), [h, E;j] = (61;+ 03;)Eij, [E13,E31] = h.

9.3.2 Abelian twist

One can add more parameters to the R-matrix of the XXZ model (9.54) using an

—

abelian twist related to the quantum algebra % (sl(2)) C %,(sl(2)). The generator
h of %,(sl(2)) still has the primitive coproduct:

A(h) =h®@1+1@h:=h; +hy € Uy(s1(2))“*.

Extending this quantum algebra by a central element x which has also the primitive
coproduct A(x) = k] + Ky, a twist with the carrier space in abelian Lie subalgebra
Clx, h| C %,(gl(2)) can be constructed (i.e., an abelian twist)

F®) — exp(0(k@h—hRK)). (9.71)

The transformation of the universal R-matrix is
R = FpRF S = TS5 RFS, (9.72)
the last equality is due to the property %, = %, valid for the twist (9.71). Spin
% representations with fixed central elements Kk = % for both representation spaces

C?*®C? yield
R(f ) 2) = 6 z z A 6 z z

12(A) =exp 1(01—02) Ri2(A)exp 1(01_02) . (9.73)

One explicitly obtains

ad) 0 0 0
gy | 0 @ enr) 0 bo(h) = p*sinh(R),p = exp(6)
Sl 0 e(A)b(A) O |7 c+(A) =exp(£A) sinhn.

(9.74)
The matrix structure of the R(*)-matrix is the same as that of (9.54), just the diagonal
elements are different. Similarly the L-operator has the same matrix structure. Hence
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the algebraic Bethe ansatz is also the same. However, since different functions enter
relations (9.33) and (9.34), the result is a change of the Bethe equations (9.24) that
now read

. (9.75)

- S PR L VA )
1 sinh(u; + 277) _ H sinh(i; — e +1)
p sinh(u; —51)

! i2; Sinh(1tj — e —m)

Also the hamiltonian depends on the twist parameter p = exp(6),

N

- I __ 1

Hyxzp =2, ((pcr,jcrkH + %% o,jﬂ> + 5 coshn (oo, — 1)) . (9.76)
k=1

This is the hamiltonian of the closed XX Z, spin chain, and it is hermitian for |p| = 1.
References on this model studied as spin chain and as 2d classical statistical system
(6 vertex model) can be found in [24].

The method of constructing new quantum integrable systems via an abelian twist
is quite general. There are quantum integrable spin chains corresponding to higher
rank (r > 1) Lie algebras, e.g., g/(n), or Lie superalgebras, e.g., gl(m|n). Then one
has an r-dimensional abelian Lie subalgebra, with generators {hj}’ , and one can
construct an abelian twist with more parameters to deform the spin model [25]

grlab) _ exp (z 0 ®hj) . (9.77)

This twist element is similar to the one used to construct the 8-deformed Poincaré
algebra (see [26] and previous chapters).

9.3.3 Generalities on twist transformations

The algebraic structure underlying the main operators entering the QISM: the R-
matrix, the L-operator, and the monodromy matrix 7'(A), is that of a quantum group.
In quantum groups a key role is played by the universal R-matrix &% and by the co-
product map A. By representing the universal Z-matrix and by using the coproduct
map A one obtains the R-, L-, and T- operators. By twisting the quantum group
coproduct map A one obtains a new (twisted) quantum group and can consider the
corresponding changes of the R-matrix, the L-operator, and the monodromy matrix
T(A) that in turn define a new integrable system.

Given a quasitriangular Hopf algebra % (m, A, S, %) with product m, coproduct
A, and antipode S, and a twist .% € % ® % , the corresponding twisted quasitrian-
gular Hopf algebra has a transformed coproduct map 4;, for all a € %,

Aa) = FA(a)F ! (9.78)
(cf. Chap. 8.2.1). Coassociativity of this deformed coproduct, i.e.,
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is implied by the Drinfel’d twist equation
Fi(A®id)F = FnlidoA)F. (9.80)
The corresponding twist-transformed universal R-matrix is
B = Fp BT (9.81)

Defining A° (and similarly A/”) by A} (a) = Az;(a) for all a € %, we have, again
foralla € %, A (a) = F21A%P(a).F,,", and

I ZA (a)ﬁ” = ﬁzlAOP(a)%ﬁil.
These two last relations imply the intertwining relation (for all a € %)

AV A(a) = AP (a) R,

In order to obtain the R-, L-, and T'- operators from the universal R-matrix and
the coproduct A we consider the universal L-matrix. It is an image of the universal
R-matrix in a representation p corresponding to an auxiliary space V,

L =poid%, o LY=(pid)FyRF "

The L-matrix of the previous sections is then obtained by representing .Z on the
vector space Vj. The monodromy matrix 7 of a chain with N sites

Ty = LanLan-1---La1

can be obtained by the action of the N-fold coproduct AN : % — % “N as defined
in (9.58). In fact taking into account the factorization property of the universal R-
matrix [9],

(id @ AR = %\3%)12,

we have
(id @ A% = (id ® A ®id)(id © AR = RiuFR3%12

hence,

In = (pRid)ANR = (p @ id) BanRan -1 - Fa1 € End(V,) @ U ZN | (9.82)
Ty = (id2p®N) Iy . (9.83)

Now we consider twist transformations of the monodromy matrix. From (9.82)
we see that it is obtained by twisting the universal %-matrix and the N-fold coprod-
uct AN, From the definition of twisted coproduct we have the relation for 3-fold
coproducts, forall a € %,
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3 . 3 —1 —1
A (a) = (A ®id)A(a) = ﬁlzﬁ(]z)g,A (a) 3(12)33712 ,

here 7153 = (A ®id).Z . The N-fold coproduct AN : % — 7/“N is also similarly
transformed by the twist

AN = W AN (=1 (9.84)

where
FWN) .= §12§(12)3 T y(lz.,.N—l)Na

and F (1234 = (A’ ®id).%, and similarly for all other factors up to F(12..N-1)N =
(AN ®id).F 2

It is instructive to prove that the relation ) = .%%.% ', defining the twist-
transformed R-matrix (cf. (9.81) and (9.50)), in % ®N reads

@,(,24,_1 = ynn+lt@nn+l(§nn+l)_l = <gfu\])f%\?nwrl(<g§(N))_l . (9-85)

The last equality shows that the operator Jnn 1 that defines the similarity transfor-
mation %,,,Hl — ‘/nn+1%’1”+1 (/nnﬂ) , and that is local because it depends on
the sites n and n + 1, can be replaced by the operator .Z ™) that is global because it
is independent from the positions n and n+ 1.

Equality (9.85) allows to compare the hamiltonian H ) of an open spin chain
described by a twisted quantum group to the untwisted one H. Recalling (9.48) we
see that

N—1 N—1
= YR, =F™ ( > Rmm) (FM)" = FM H(FM)~! | (9.86)
n=1 n=1

where H (’),F,,,,+ 1, and R, ;| are written in a representation. Contrary to the closed
spin chains of Sects. 9.3.1 and 9.3.2, we see that the open spin chain hamiltonian
H" has the same spectrum as H and that its eigenvectors are transformed via F ™),

9.3.4 Coboundary twists and the jordanian deformation

Coboundary twists are twists constructed with any invertible element u of a Hopf
algebra % :
Fob) — (u@u)Aw™").

The Hopf algebra constructed with a coboundary twist has the coproduct A=

T (cob) A (F “””))’l and is isomorphic (as a Hopf algebra) to the original one. They

are in fact related by the similarity transformation ¢, : % — %, a — uau™",

2 Due to the Drinfel’d twist equation (9.80), the N-fold twist .% ™) admits similar and equivalent
factorizations with a different order of the N — 2 coproduct maps acting on different factors of .%.
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A~O(Pu:(¢u®q’u)°A-

The universal R-matrix of % (if 7 is quasitriangular) is transformed with this twist
just by the similarity transformation

Z— Ad(uu)%.

We now exploit the very definition of coboundary twist and concoct a coboundary
twist of the Hopf algebra % (s/(2)) given by an element u(q,t) € %,(sl(2)) (where
t is a parameter that we later relate to £), such that

f,}f(cab)(q’t) _ (u®u)A (ufl) c %q(sl(Z)) ®02/q(sl(2))

is nonsingular in the limit ¢ — 1, while the corresponding element u(g, ) is singular.
This coboundary twist in the ¢ — 1 limit is no more a coboundary and leads to the
jordanian twist .% /). Hence, instead of performing a singular contraction of the
XXZ model, one can apply the appropriate twist transformation to the whole QISM
machinery of the XXZ model and then consider the limit ¢ — 1. An element u(q,1)
with these properties is [27]

_ ' oyt
u(q,t) = expp <1 _qu ) , (9.87)
where
< 0 < (11— n—1.,n B
exp,(x) = ,Zﬁ )y = exp (}Z‘l (ncgz)qx> , (exp,(x)) 1_ exp,-1(—x),

(9.88)
and (n)g := (1=¢")/(1=q), (n)g! := (1)q(2)g -~ (n)g.

Since the generator X * of the quantum algebra %, (s/(2)) has the following co-
product
AX)=XT®@1+K20X",

then the coboundary twist element is

TP (g) = (u(g) ©u(q))A(u(g) ") (9.89)

_ L x+ I x+
—equz(l_qu >®equz<l_q2X >

t
exp, 2 (— 7 XT®1 +K2®X+)> .

We now use a functional equation for the g-exponential of a sum of noncommuting
arguments. Provided that yx = gxy we have

exp, (x+y) = exp,(x) exp, (y).
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Recalling the %, (s/(2)) commutation relations K 2X " = g 2XTK 2 (cf. (7.39)
and (7.40)) we can then factorize the third g-exponential in (9.89). Then the expres-
sion for .Z (<) (q) simplifies to

ob) () ! - ! -2 oyt
y(CO )(q) = equZ <1q2] ®X ) equfz (_1q2(K ®X )) .
Using the representation of the g-exponential as standard exponential of the
g-dilogarithm (9.88), the realization K> = ¢", and commutativity of the elements
1®X* K 2®X™, one can show that there are no singular terms in .% (%) (g) in
the limit ¢ — 1. The explicit expression is

. (cob) - 1 (ZX+)n 1 +
lim 7 '“")(q) = exp Z—Eh@)i =exp Eh@ln(l—tX ),
n

q—1 n—1

which gives for 1 = —2& the jordanian twist .% () (9.68).

9.4 Conclusions

By transforming a given quantum group with a twist we obtain a new quantum
group with universal R-matrix changed according to ., %Z.% ~!. As a result there is
a corresponding change in the integrable model associated with the initial quantum
group and its representations. It was demonstrated that depending on the properties
of the twist the energy spectrum for closed spin chains can be preserved (XXX
model (9.63)) or changed (asymmetric XXZ, model (9.76)). In both these cases the
structure of the eigenstates is also twist dependent. On the other hand, for an open
spin chain the twisting procedure simply generates a similarity transformation of
the hamiltonian and its eigenstates.

Finally all the new quantum integrable systems obtained by twisting a given
quantum integrable system share the same amount of symmetry as the initial one
because the amount of symmetry in a group or in a twisted deformation of the group
is the same.
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Chapter 10
The Noncommutative Geometry of Julius Wess

Paolo Aschieri

Julius Wess first work on noncommutative geometry dates June 1989. Since then
he gradually became more and more interested and involved in this research field.
We would like to describe briefly his interests, motivations, and main contributions,
which could be divided into four periods. Therefore, we shall trace a short account
of his last 18 years of scientific activity and hence of an approach to the subject that
has become a reference point for the scientific community.

Physicists’” renewed interest in the late 1980s in noncommutative structures was
driven by the emergence of quantum groups [1-3]. These deformed structures arose
from solving quantum integrable systems with algebraic methods [4] (see Chap. 9)
and were also independently studied in the context of C*-algebras [5]. They found
applications in two-dimensional conformal field theories [6] and in constructing new
invariants of knots and links and three-dimensional manifolds [7, 8].

Julius Wess initial studies (1989-1994) concentrated on quantum groups. One
can recognize three parallel investigations:

e Quantum 2 x 2 matrices and their Lie algebras [9—11]. These are the easiest in-
stances of quantum groups. These studies lead to a classification of deformations
of GL(2), and in particular to the description of the Jordanian deformations that
as far as we know was first introduced in [12].

e Differential calculus on quantum planes and groups. Quantum matrix groups
can be seen as symmetries of noncommutative planes, as initially advocated by
Manin [13]. Wess and Zumino developed this viewpoint and studied the dif-
ferential calculus on the n-dimensional noncommutative planes covariant under
the action of the canonically deformed GL,(n) quantum group [14]. In [11] the
differential geometry of the two parameter deformation of the group manifold
GL, 4(2) was studied. Thus the first examples of noncommutative differential ge-
ometry were considered. Independent similar results were obtained by Woronow-
icz [15, 16]. These results developed differential geometry by using methods that
are different from those advocated by Connes [17].

Aschieri, P.: The Noncommutative Geometry of Julius Wess. Lect. Notes Phys. 774, 189-195 (2009)
DOI 10.1007/978-3-540-89793-4_10 (© Springer-Verlag Berlin Heidelberg 2009
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e The construction of the quantum Lorentz Lie algebra as symmetry algebra of the
complex quantum spinor space [18, 19]. Then by developing the g-differential
calculus on the g-Minkowski space (associated with the quantum spinor space),
i.e., by finding the generators of translations (partial derivatives), Ogievetsky,
Schmidke, Wess and Zumino [20] were able to construct a g-deformed Poincaré
Lie algebra (i.e., to construct a one parameter family ¢ € R of Hopf algebras) and
study a hermitian Laplace operator.

A second investigation period (1992-2000), overlapping with the previous one,
was dedicated to representation theory and noncommutative quantum mechanics. A
deformation of the two-dimensional phase space was studied [21]. This deformation
is derived from a noncommutative differential calculus on the real line, where the
momentum operator is obtained from the partial derivative operator idy. The rep-
resentation of this deformed Heisenberg algebra shows a lattice-like structure, the
eigenvalues of the (normalized) position operator as well as those of the momen-
tum operator being +4", n integer, ¢ > 1 [21, 22]. Another aspect of this investiga-
tion is that once the free Hamiltonian in noncommutative phase space H = %PZ
is rewritten in terms of the usual canonical variables x,p, with [x,p] = i, we
obtain a Hamiltonian H(x, p) describing an interacting system. In this way a dy-
namical system that may be highly nontrivial if thought in commutative spacetime
(and undeformed phase space) becomes simple if analyzed in the noncommutative
Hamiltonian quantum mechanics framework [23], see also [24, 25]. We will see
that this idea is later applied to noncommutative gauge theories. Similar methods
have been applied to study the g-deformed quantum mechanical oscillator and its
deformed dynamical symmetry algebra [26, 27].

The natural following step in this research was to study the representation of
the g-deformed Poincaré algebra constructed in [20]; this was initiated in [28] and
further investigated, in particular, in [29, 30]. There also the noncommuting coordi-
nates of g-Minkowski space are represented, and the eigenvalues of the coordinates
operators are found: they are discrete and therefore they show a lattice structure of
g-noncommutative spacetime.

A related issue is the deformed statistics of identical particles on noncommutative
space, this was investigated in [31, 32].

In the years 1997-1999 it was understood that noncommutative gauge theories
arise in field theory limits of M-theory and string theory, see [33] and reference
therein. In [33] a map, known as Seiberg—Witten map (SW map), between commu-
tative and noncommutative gauge theories was established, under this map a usual
gauge transformation is mapped into a noncommutative gauge transformation, in
this way gauge equivalent classes [A, | of the usual gauge potential A;, on commuta-
tive spacetime are mapped into gauge equivalent classes [A u] of the gauge potential
A 4 on noncommutative spacetime (noncommutativity [x*,x"] = i@*" being related
to the nonvanishing of the two form B). Under this mapping a complicated gauge
theory action on commutative space can have a much nicer expression (and hence in-
terpretation) if written in terms of the gauge potential A u> the physical content being
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the same since only gauge equivalence classes are physical. This is the case, for ex-
ample, of noncommutative electromagnetism whose action is simply [ £ “"13",“, and
captures the low energy physics on a D-brane in the presence of a B-field. These
findings triggered a huge amount of literature on the subject of noncommutative
field theories. Noncommutativity in this context is mainly implemented via a star
product.

Wess and his group in Munich were independently working on the subject of non-
commutative gauge theories and (incorporating the results of [33]) they wrote with
Madore a first influential paper on the subject [34]: in noncommutative gauge theo-
ries the gauge potential naturally arises from considering covariant noncommutative
coordinates (rather than from considering covariant derivatives). Noncommutativity
is not limited to the case [x*,x"] = i@*Y with 6"" constant; a SW map is considered
for more general commutation relations. This noncommutative gauge theory pro-
gram developed and widened in a series of papers spanning the years 2000-2004.

e The SW map was used to consider noncommutative gauge theories with arbitrary
gauge group (e.g., SU(n) or SO(n)) and matter fields in arbitrary representa-
tions, thus overcoming the initial restriction to U (n) gauge theories and to matter
fields in the fundamental representation of U (n). This was achieved by allowing
the noncommutative fields to be valued in the universal enveloping algebra Ug
rather than in the Lie algebra g. Now U g is infinite dimensional; however, by con-
straining the noncommutative gauge potentials via the SW map, the degrees of
freedom remain the same as those of gauge theories on commutative space [35].
The SW map is also extended to matter fields and calculated by introducing the
useful consistency check of closure of noncommutative gauge transformations
[36] (see Chap. 4).

e In works with Jur€o and Schupp [37-39] the SW map for arbitrary (x-dependent)
noncommutativity 6#" is understood by using Kontsevich formality map [40].
The same maps that lead to the construction of a star product associated with any
given Poisson tensor are used to construct the noncommutative gauge potential
A u and gauge transformation 2 from the commutative ones A u and A. By study-
ing global properties of these noncommutative gauge theories, noncommutative
line bundles with noncommutative transition functions were formulated [41].

e The SW map method allows to expand order by order in powers of the non-
commutativity parameters 84 a noncommutative Yang—Mills theory minimally
coupled to noncommutative matter fields in terms of the corresponding com-
mutative fields; the result is the corresponding commutative Yang—Mills theory
at zeroth order in 6"" plus interaction terms at higher order in 6"V, These ex-
tra interactions, like for example contractions of the kind O FFF, respect usual
gauge symmetry and also noncommutative gauge symmetry. The vertices in-
volving the noncommutativity parameters OV break usual Lorentz invariance
because 6"V is frozen to a given value (it is not a dynamical field). These the-
ories have been shown to be anomaly free [42] if they are so at zeroth order
in 64V, Using this SW method, deformations of the standard model have been
obtained [43, 44]. These noncommutative actions are presently treated as effec-
tive actions; however, their renormalization properties are quite interesting. Pure
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noncommutative QED breaks renormalizality in an unexpectedly mild way [45—
47], hinting at some hidden symmetries; pure Yang—Mills theories at first order
in 61V are one-loop renormalizable and, adding an admissible extra interaction
term, this is also the case for Yang—Mills theories based on the standard model
gauge group [48, 49]. Phenomenological investigations followed [50, 51].

e Another example of noncommutative space is the k-Minkowski spacetime. There
the commutator [x*,x"] is linear in the coordinates [52, 53]. On this space the
k-Poincaré quantum group [54] acts. Scalar and spinor field actions compati-
ble with this quantum symmetry were constructed in [55]. The SW method of
defining the noncommutative fields in terms of the commutative fields allows
here too to construct a noncommutative Yang—Mills theory invariant under non-
commutative gauge transformations. Then, as explained in [56] and in Chap. 5,
the usual Yang—Mills theory, plus new gauge-invariant interaction terms depend-
ing on the deformation parameter, is obtained by expanding the noncommutative
Yang—Mills action in power series of the deformation parameter and in terms of
the commutative fields.

The research period 2004-2007 could be seen as a synthesis of the first period
on quantum groups and the third one on noncommutative field theories where non-
commutativity is given by a x-product. As in [55, 56], it addresses the issues of
spacetime symmetries in noncommutative field theory (a main topic of this book).

The compatibility of the canonical commutation relations [x*,x"] = i0*" with
a deformed (twisted) Poincaré algebra is discovered in [57] (see Chaps. 7, 8); this
conclusion was independently reached in [58], see also [59]. The development of the
results of [56] leads to the construction of field theories by implementing deformed
symmetry principles. As we explain in Chaps. 1, 3, 8, our deformation of the alge-
bra of diffeomorphisms for Moyal-Weyl noncommutative spacetime [x*,x"] =i0O"Y
(6"V constant) leads to a deformed tensor calculus and to the construction of
0-deformed Einstein general relativity [60]. In [61] the differential geometry of a
manifold equipped with an arbitrary *-product induced by a twist is considered and
developed using a global, coordinate independent formalism. The corresponding de-
formed Einstein general relativity is obtained. Similar techniques are then applied
in order to construct noncommutative gauge theories [62] (see Chaps. 1, 2), and
noncommutative supersymmetric theories [63]. See also [64] for twist techniques in
quantum field theory.

Julius Wess passed away while fully immersed in the development of this pro-
gram. Some of the topics he was pursuing or wanted to pursue together with his
collaborators, and that indeed are under investigation, are noncommutative gauge
theories from Kaluza—Klein reduction of noncommutative gravity; first-order for-
malism of noncommutative gravity and its coupling to matter fields, e.g., spinors;
conservation laws in noncommutative field theories, and in particular the covariant
conservation of the Einstein tensor and of the energy momentum tensor in non-
commutative gravity; the study of exact solutions of noncommutative gravity; the
study of models of twisted supersymmetric field theories; and the generalization
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of these noncommutative field theory constructions to the case of a wider class of
*-products associated with quasitriangular quantum group symmetries rather than
triangular ones.

References

1. V. G. Drinfel’d, Hopf algebras and the quantum Yang-Baxter equation, Sov. Math. Dokl. 32,
254 (1985); V. G. Drinfel’d Dokl. Akad. Nauk Ser. Fiz. 283, 1060 (1985). 189
2. V. G. Drinfel’d, Quantum groups, In Proc. Int. Cong. Math. Berkeley, 798 (1986). 189
3. M. Jimbo, A g-difference analog of U(g) and the Yang-Baxter equation, Lett. Math. Phys. 10,
63 (1985). 189
4. P. P. Kulish and N. Yu. Reshetikhin, Quantum linear problem for the sine-Gordon equation
and higher representations, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov (LOMI)
101, 101-110 (1981); english transl. in Jour. Sov. Math. 23, 2435-2441 (1983). 189
5. S. L. Woronowicz, Compact matrix pseudogroups, Commun. Math. Phys. 111, 613 (1987). 189
6. L. Alvarez-Gaume, C. Gomez and G. Sierra, Quantum group interpretation of some confor-
mal field theories, Phys. Lett. B 220, 142 (1989). 189
7. N. Reshetikhin and V. G. Turaev, Ribbon graphs and their invariants derived from quantum
groups, Comm. Math. Phys. 127, 1-26 (1990). 189
8. N. Reshetikhin and V. G. Turaev, Invariants of three manifolds via link polynomials and
quantum groups, Invent. Math. 103, 547-597 (1991). 189
9. S.P. Vokos, J. Wess and B. Zumino, Properties of quantum 2 x 2 matrices, LAPP-TH-253/89,
June (1989). 189
10. S. P. Vokos, B. Zumino and J. Wess, Analysis of the basic matrix representation of Gly(2,C),
Z. Phys. C 48, 65 (1990). 189
11. A. Schirrmacher, J. Wess and B. Zumino, The two parameter deformation of GL(2), its dif-
ferential calculus, and Lie algebra, Z. Phys. C 49, 317 (1991). 189
12. H. Ewen, O. Ogievetsky and J. Wess, Quantum matrices in two-dimensions, Lett. Math. Phys.
22,297 (1991). 189
13. 1. Manin, Quantum groups and non-commutative geometry, Publ. Centre de Recherche Math.,
Montreal (1988). 189
14. J. Wess and B. Zumino, Covariant differential Calculus on the quantum Hyperplane, Nucl.
Phys. Proc. Suppl. 18B, 302 (1991). 189
15. S. L. Woronowicz, Twisted SU(2) group: an example of a noncommutative differential calcu-
lus, Publ. Res. Inst. Math. Sci. Kyoto 23, 117 (1987). 189
16. W. Pusz, S. L. Woronowicz, Twisted second quantization, Rep. Path. Phys. 27, 231 (1990). 189
17. A. Connes, Non commutative differential geometry: Chapter I The Chern character in K co-
homology, Preprint IHES octobre 1982; Chapter 1I: de Rham homology and commutative
algebra, Preprint IHES février 1983, Publ. Math. IHES 62, 41-144 (1985). 189
18. W. B. Schmidke, J. Wess and B. Zumino, A g-deformed Lorentz algebra, Z. Phys. C 52, 471
(1991). 190
19. O. Ogievetsky, W. B. Schmidke, J. Wess and B. Zumino, Six generator q-deformed Lorentz
algebra, Lett. Math. Phys. 23, 233 (1991). 190
20. O. Ogievetsky, W. B. Schmidke, J. Wess and B. Zumino, g-deformed Poincaré algebra, Com-
mun. Math. Phys. 150, 495 (1992). 190
21. J. Schwenk and J. Wess, A g-deformed Quantum Mechanical Toy Model, Phys. Lett. B 291,
273 (1992). 190
22. A. Hebecker, S. Schreckenberg, J. Schwenk, W. Weich and J. Wess, Representations of a
q-deformed Heisenberg Algebra, Z. Phys. C 64, 355 (1994). 190



194

23.

24.
25.

26.

217.

28.

29.

30.

31

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

Paolo Aschieri

M. Fichtmuller, A. Lorek and J. Wess, g-deformed phase space and its lattice structure, Z.
Phys. C 71, 533 (1996), [hep-th/9511106]. 190

J. Wess, Quantum groups and g-lattices in space, Nucl. Phys. Proc. Suppl. 49, 41 (1996). 190
J. Wess, g-deformed phase space and its lattice structure, Int. J. Mod. Phys. A 12, 4997
(1997). 190

A. Lorek and J. Wess, Dynamical symmetries in g-deformed quantum mechanics, Z. Phys. C
67,671 (1995), [q-alg/9502007]. 190

A. Lorek, A. Ruffing and J. Wess, A g-deformation of the harmonic oscillator, Z. Phys. C 74,
369 (1997), [hep-th/9605161]. 190

M. Pillin, W. B. Schmidke and J. Wess, g-deformed relativistic one particle states, Nucl. Phys.
B 403, 223 (1993). 190

B. L. Cerchiai and J. Wess, g-Deformed Minkowski space based on a q-Lorentz algebra, Eur.
Phys. J. C 5, 553 (1998), [math/9801104]. 190

B. L. Cerchiai, J. Madore, S. Schraml and J. Wess, Structure of the three-dimensional quantum
Euclidean space, Eur. Phys. J. C 16, 169 (2000), [math/0004011]. 190

G. Fiore, H. Steinacker and J. Wess, Decoupling braided tensor factors, Phys. Atom. Nucl.
64,2116 (2001), [math/0012199]. 190

G. Fiore, H. Steinacker and J. Wess, Unbraiding the braided tensor product, J. Math. Phys.
44, 1297 (2003), [math/0007174]. 190

N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 9909, 032
(1999), [hep-th/9908142]. 190, 191

J. Madore, S. Schraml, P. Schupp and J. Wess, Gauge theory on noncommutative spaces, Eur.
Phys. J. C 16, 161 (2000), [hep-th/0001203]. 191

B. Jurco, S. Schraml, P. Schupp and J. Wess, Enveloping algebra valued gauge transfor-
mations for non-Abelian gauge groups on non-commutative spaces, Eur. Phys. J. C17, 521
(2000), [hep-th/0006246]. 191

B. Jurco, L. Moller, S. Schraml, P. Schupp and J. Wess, Construction of non-Abelian gauge
theories on noncommutative spaces, Eur. Phys. J. C21, 383 (2001), [hep-th/0104153 ]. 191
B. JurCo, P. Schupp and J. Wess, Noncommutative gauge theory for Poisson manifolds, Nucl.
Phys. B 584, 784 (2000), [hep-th/0005005]. 191

B. Jurco, P. Schupp and J. Wess, Nonabelian noncommutative gauge fields and Seiberg-Witten
map, Mod. Phys. Lett. A 16, 343 (2001), [hep-th/0012225]. 191

B. Jurco, P. Schupp and J. Wess, Nonabelian noncommutative gauge theory via noncommu-
tative extra dimensions, Nucl. Phys. B 604, 148 (2001), [hep-th/0102129]. 191

M. Kontsevich, Deformation quantization of Poisson manifolds, I, Lett. Math. Phys. 66, 157—
216 (2003), [q-alg/9709040]. 191

B. Jurco, P. Schupp and J. Wess, Noncommutative line bundle and Morita equivalence, Lett.
Math. Phys. 61, 171 (2002), [hep-th/0106110]. 191

F. Brandt, C. P. Martin and F. Ruiz Ruiz, Anomaly freedom in Seiberg-Witten non-
commutative gauge theories, JHEP 07, 068 (2003), [hep-th/0307292]. 191

X. Calmet, B. Jurco, P. Schupp, J. Wess and M. Wohlgenannt, The standard model on non-
commutative spacetime, Eur. Phys. J. C23, 363 (2002), [hep-ph/0111115]. 191

P. Aschieri, B. Jurco, P. Schupp and J. Wess, Noncommutative GUTs, standard model and C,
P, T, Nucl. Phys. B 651, 45 (2003), [hep-th/0205214]. 191

A. Bichl, J. Grimstrup, H. Grosse, L. Popp, M. Schweda and R. Wulkenhaar, Renormalization
of the noncommutative photon self-energy to all orders via Seiberg-Witten map, JHEP 0106,
013 (2001), [hep-th/0104097]. 192

R. Wulkenhaar, Non-renormalizability of 0-expanded noncommutative QED, JHEP 0203, 024
(2002), [hep-th/0112248]. 192

J. Grimstrup and R. Wulkenhaar, Quantisation of 0-expanded non-commutative QED, Eur.
Phys. J. C26, 139 (2002), [hep-th/0205153]. 192

M. Burié, D. Latas and V. Radovanovié, Renormalizability of non-commutative SU (N) gauge
theory, JHEP 0602, 046 (2006), [hep-th/0510133]. 192



10 The Noncommutative Geometry of Julius Wess 195

49.

50.

S1.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

M. Burié, V. Radovanovi¢ and J. Trampetié, The one-loop renormalization of the gauge sector
in the non-commutative standard model, JHEP 0703, 030 (2007), [hep-th/0609073]. 192

W. Behr, N.G. Deshpande, G. Duplanci¢, P. Schupp, J. Trampetié, J. Wess, The 70 —
Y7, 88 Decays in the noncommutative standard model, Eur. Phys. J. C29, 441 (2003), [hep-
ph/0202121]. 192

P. Schupp, J. Trampeti¢, J. Wess and G. Raffelt, The photon neutrino interaction in non-
commutative gauge field theory and astrophysical bounds, Eur. Phys. J. C 36, 405 (2004),
[hep-ph/0212292]. 192

J. Lukierski, A. Nowicki, H.Ruegg and V.N. Tolstoy, Q-deformation of Poincaré algebra
Phys. Lett. B264, 331 (1991). 192

J. Lukierski, A. Nowicki and H. Ruegg, New quantum Poincaré algebra and x-deformed field
theory, Phys. Lett. B293, 344 (1992). 192

S. Majid and H. Ruegg, Bicrossproduct structure of K-Poincaré group and non-commutative
geometry, Phys. Lett. B334, 348 (1994), [hep-th/9405107]. 192

M. Dimitrijevié, L. Jonke, L. Moller, E. Tsouchnika, J. Wess and M. Wohlgenannt, Deformed

field theories on x-spacetime, Eur. Phys. J. C31, 129 (2003), [hep-th/0307149]. 192

M. Dimitrijevi¢, F. Meyer, L. Moller and J. Wess, Gauge theories on the K-Minkowski space-
time, Eur. Phys. J. C36, 117 (2004), [hep-th/0310116]. 192

J. Wess, Deformed coordinate spaces; derivatives, in Proceedings of the BW2003 Workshop,
Vrnjacka Banja, Serbia, 2003, 122-128, World Scientific (2005), [hep-th/0408080]. 192

M. Chaichian, P. Kulish, K. Nishijima and A. Tureanu, On a Lorentz-invariant interpreta-
tion of noncommutative space-time and its implications on noncommutative QFT, Phys. Lett.
B604, 98 (2004), [hep-th/0408069]. 192

R. Oeckl, Untwisting noncommutative R and the equivalence of quantum field theories,
Nucl. Phys. B 581, 559 (2000), [hep-th/0003018]. 192

P. Aschieri, C. Blohmann, M. Dimitrijevic, F. Meyer, P. Schupp and J. Wess, A gravity theory
on noncommutative spaces, Class. Quant. Grav. 22, 3511-3522 (2005), [hep-th/0504183]. 192
P. Aschieri, M. Dimitrijevi¢, F. Meyer and J. Wess, Noncommutative geometry and gravity,
Class. Quant. Grav. 23, 1883-1912 (2006), [hep-th/0510059]. 192

P. Aschieri, M. Dimitrijevi¢, F. Meyer, S. Schraml and J. Wess, Twisted gauge theories, Lett.
Math. Phys. 78, 61-71 (2006), [hep-th/0603024]. 192

M. Dimitrijevié, V. Radovanovi¢ and J. Wess, Field theory on nonanticommutative super-
space, JHEP 0712, 059 (2007), 0710.1746 [hep-th]. 192

G. Fiore and J. Wess, On full twisted Poincaré symmetry and QFT on Moyal-Weyl spaces,
Phys. Rev. D 75, 105022 (2007), [hep-th/0701078]. 192



Index

Adjoint action, 146, 147
Algebra
Banach, 91
Cc*, 91
over C, 128
canonical deformation, 6
commutative, 93
over a commutative ring, 130
K-deformation, 7
deformed algebra of differential operators,
11, 41
deformed algebra of functions, 9
Kk-deformed Poincaré, 76
enveloping, 65
formal power series in &, 138
freely generated, 5
Hecke, 170, 178
Lie algebra type deformation, 6
in the noncommuting coordinates, 6
of formal power series, 5
quantum affine, 170
unital, 92
of vector fields, 12
Algebraic Bethe ansatz, 174
Almost commutative geometry, 99

Biagebra, 129

Braid group, 115

Bundle, 94
vector, 94

Campbell-Baker-Hausdorff formula, 19
Carrier space, 182

Christoffel symbol, 49

Coalgebra, 129

Coassociativity, 125

Cocycle condition, 124, 136, 137

Coinverse, see antipode
Commutative ring, 130
Comultiplication, see coproduct
Connection, 46
Conserved current, 30, 62
Continuous function, 90
Contraction operator, see pairing
Coproduct, 15, 112
quasiprimitive, 181
twisted, 15, 26, 44, 125
N-fold, 178, 184
undeformed, 44
Counit, 112
Covariant derivtive, 156
Creation operators, 170, 173
Curvature, 157
Curvature scalar, 50
Cyclicity, 28
Cyclic vector, 97

Deformation quantization, 5, 101
Deformed

commutator, 147
Deformed differential calculus, 10
Derivative

covariant, 61

x-derivative, 10

Dirac, 77

noncommutative, 56, 74
Diffeomorphisms, 16

deformed algebra of, 43

infinitesimal, 42

Lie algebra, 16, 43
Differential operator, 11, 41, 159

Einstein-Hilbert action, 51
Einstein-Hilbert gravity, 46

197



198

Exterior forms, 142

Ferromagnetic state, 167

Field strength tensor, 27

Flip matrix, see permutation matrix
Forms, 141

Gauge field, 27
commutative, 67
differential operator, 81
enveloping algebra-valued, 29, 63
noncommutative, 61
Gauge parameter
enveloping algebra-valued, 66
Lie algebra-valued, 64
noncommutative, 64
Gauge theory
on the k-deformed space, 79
nonabelian, 59
non-expanded, 65
twisted, 59
Gauge transformations, 13
deformed, 24
Gel’fand-Naimark-Segal construction, see
GNS construction
Gel’fand-Naimark theorem, 90
General coordinate transformations, 43
GNS construction, 96, 107

Gronewold-Moyal product, see Moyal product

Group algebra, 119

Hamiltonian density, 169
Hausdorff spaces, 90
Heisenberg commutation relations, 4
Heisenberg equation of motion, 105
Heisenberg spin chain, 165
anisotropic, 169
Higher order differential operator, see
differential operator
Hopf algebra, 15, 26, 113, 130
duality, 119, 130
of gauge transformations, 70
of infinitesimal local diffeomorphisms, see
of vectorfields
noncommutative, 115
pairing, 119
Poincaré, 154
Kk-Poincaré, 76
quasitriangular, 118
triangular, 118
twisted Poincaré, 125, 155
Ug, 136
U=E7,149
UZ,, 149

of vectorfields, 144

Ideal, 93
maximal, 93
two-sided, 5

*-inverse, 47
Jacobi identities, 59, 155

Leibniz rule
deformed, 14, 25, 44, 60
Lie algebra
iso” (3,1), see twisted Poincaé
*-Poincaré, 154
twisted Poincaré, 156
Lie bracket, 144
*, 147
deformed, 13, 16
Lie derivative .Z*, 145, 148, 153
L-matrix, 171, 176

Measure function, 83
Metric tensor, 158
Module, 94, 127

finite, 95

projective, 95
Monodromy matrix, 171, 174
Morita equivalence, 99

among noncommutative tori, 100
Moyal product, 8, 104

Noncommutative
coordinates, 4, 5
standard model, 69
torus, 100, 107

Observables, 102
Ordered monomials, 7

Pairing, 142
Permutation
matrix, 167
operator, 166
Phase space, 101
Poincaré-Birkhoff-Witt property, 7
Pointless geometry, 89
Poisson
bivector, 102
bracket, 101, 102
structure, 9
Primitive elements, 146
*-product, see also Moyal product, 56
of two polynomial functions, 8
symmetrically ordered, 78

Index



Index

Property
cyclic, 58, 82
Poincaré-Birkoff-Witt, 55

g-Bracket, 123
g-Exponential, 186
g-Group, see quantum group
g-Lie algebra, see quantum Lie algebra
Quantum algebra %(Qz), 177
Quantum algebra %, (sl(2)), 177
Quantum determinant, 116
Quantum group, 5, 114, SL,(2)115
Quantum inverse scattering, 165
Quantum Lie algebra, 123

Poincaré, 126
Quantum Yang-Baxter, see Yang-Baxter
Quasimomentum, 168

Ricci tensor, 158
Riemann inaugural lecture, 3
R-matrix, 114, 165, 176
constant, 177
triangular, 142, 181
universal, 138, 181
Yang, 172
RTT relation, 115, 172, 174, 175

Scalar density, 49
Scaling transformation, 179
Scattering matrix, 169
Seiberg-Witten map, 66
Shift operator, 167
Sigma matrices, 166
Space
canonically deformed, 55
Lie algebra deformed, 55, 74
K-Minkowski, 73
noncommutative, 54
quantum, 55
State, 92
and density matrix, 92
of physical system, 102
pure, 92
Symmetric
group, 167
ordering, 17
Symmetry

spontaneously broken, 150
twisted, 151

Tensor
curvature, 46
field strength, 61
metric, 47
Ricci, 49
torsion, 46
Tensorfields, 141
Tensor product, 127
Topology, 90
hull kernel, 93
regional, 93
Torsion, 157
Trace property, 28
Transfer matrix, 172
Twist, 15, 44, 130, 139, 179
abelian, 139, 182
coboundary, 185, 186
jordanian, 181, 187
operator, 104

Uncertainty relation, 4

Universal enveloping algebra, 117

cocommutative, 117
UV/IR mixing, 65

Vacuum state, 173
Vectorfields
*-Lie algebra, 146
Vectorfields =,
module over A,, 140
Vector space, 127
Vielbein, 48
*-determinant of, 49

Weyl map, 103
inverse, see Wigner map
Wigner map, 104

XXX model
deformed, 180
XXZ model, 176

Yang-Baxter equation, 115, 118, 172

Yangian, 169

Download more eBooks here: http://avaxhm.com/blogs/ChrisRedfield

199



	Preface
	Acknowledgements
	Contents
	Differential Calculus and Gauge Transformations on a Deformed Space
	Julius Wess
	Introduction
	The algebra
	The star product
	A deformed differential calculus
	A deformed algebra of differential operators
	Gauge transformations
	Diffeomorphism
	Conclusion
	Appendix
	References


	Deformed Gauge Theories
	Julius Wess
	Introduction
	Gauge transformations
	Hopf algebra techniques
	Field equations
	Matter fields
	Examples
	References


	Einstein Gravity on Deformed Spaces
	Julius Wess
	Introduction
	Differential operators
	Tensor fields
	Einstein--Hilbert gravity 
	References


	Deformed Gauge Theory: Twist Versus Seiberg--Witten Approach
	Marija Dimitrijevic
	Introduction
	-deformed space
	Twisted gauge theory
	Gauge transformations
	Field strength tensor
	Equations of motion

	Seiberg--Witten gauge theory
	Enveloping algebra approach
	Seiberg--Witten map

	Comments
	References


	Another Example of Noncommutative Spaces: -Deformed Space
	Marija Dimitrijevic
	Introduction
	-deformed space
	Star product approach
	Gauge theory on the -deformed space
	Gauge fields
	Integral and the action
	References


	Noncommutative Spaces
	Fedele Lizzi
	Commutative geometry (and topology) 
	Topology and algebras
	Reconstructing the space from the algebra
	Geometrical structures

	Noncommutative spaces
	The GNS construction
	Commutative and noncommutative spaces
	Deformations of spaces

	The noncommutative geometry of canonical commutation relations
	Final remarks
	References


	Quantum Groups, Quantum Lie Algebras and Twists
	Paolo Aschieri
	Introduction
	Hopf algebras from groups
	Quantum groups and SLq(2)
	Universal enveloping algebras and Uq(sl(2))
	Duality
	Quantum Lie algebra
	Deformation by twist and quantum Poincaré Lie algebra
	Appendix
	Algebras, coalgebras, and Hopf algebras
	Hopf algebra twists
	References


	Noncommutative Symmetries and Gravity
	Paolo Aschieri
	Introduction
	Deformation by twists
	The twist F
	-Tensor algebra
	-Diffeomorphism symmetry
	Relation between U and UF

	Twisted versus spontaneously broken symmetries

	Poincaré symmetry
	-Poincaré algebra
	Twisted Poincaré algebra

	Covariant derivative, torsion, and curvature
	Metric and Einstein equations
	Appendix
	Differential operators and vector fields
	Proof that the coproduct  is coassociative
	Proof that the bracket [u v] is the adjoint action
	References


	Twist Deformations of Quantum Integrable Spin Chains
	Petr Kulish
	Introduction
	Algebraic Bethe ansatz (QISM)
	QISM for the XXX model
	The Yangian Y(sl(2))
	Higher spins and generalizations

	Anisotropic XXZ spin chain

	Twists and QISM
	Jordanian twist
	Abelian twist
	Generalities on twist transformations
	Coboundary twists and the jordanian deformation

	Conclusions
	References


	The Noncommutative Geometry of Julius Wess
	Paolo Aschieri
	References


	Index



